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• Build probabilistic framework for motif transformations.
• Model the stylistic patterns in classical symbolic music.
• Provide interpretable, distributional inference across Beethoven’s periods.
• Learn effects of features & co-occurrence patterns.

G o a lIntroduction



Some building blocks
• Motif - a short, recognizable musical idea that recurs (sometimes with variation).
• Motif transformations - when motifs reappear with variation (musical modification, not a change of domain).
• Segment - a local passage where motifs interact.
Why study motifs?
• Integrating interpretability into structural analysis of motif transformations is still relatively underexplored.
• New symbolic corpora (BPSD, BPS-Motif, BPS-FH) enable systematic study.

M o t i v a t i o nIntroduction



A n a l y t i c a l  F r a m e w o r k

Data & Label Preparation Statistical Model (CRF) Statistical Inference

Introduction



D a t a  P r o c e s s  P i p e l i n eData



G e n e r a l  S t r u c t u r e

Segment Boundary

• Motif instances (A, B, …) influence each other through proximity.
• First instance in each group is often perceived as salient (reference point).
• We segment pieces using 3 rules: silence, repeated pitch, harmonic criteria.
Within each segment:
• Each motif type has an anchor (reference).
• Dependencies between motif instances can be evaluated locally.

Data



M o t i f - L e v e l  F e a t u r e s
Feature Description Category

Spread Harmonic Complexity Difference between maximum and minimum harmonic complexity values across chords in the motif instance. Harmonic
Secondary Chord Proportion Proportion of secondary chords relative to all chords in the motif instance. Harmonic

Key Change Count Number of local key changes normalized by motif duration. Harmonic
Pitch Spread Range (max–min) of MIDI pitch values. Melodic

Motif Pitch Register Median relative pitch height (normalized by key center). Melodic
Inter-Onset Interval (IOI) SD Standard deviation of standardized inter-onset intervals. Rhythmic

Silence Proportion Proportion of silence (gaps between notes) relative to motif duration. Rhythmic
Metrical Stress Rate Average metrical stress weight based on the time signature and beat position. Rhythmic
Expressive Density Mean density of expressive markings (slurs, cresc., dim., accents). Expressive

Accentuation SD Standard deviation of dynamic levels across the motif instance. Expressive

Data



T r a n s f o r m a t i o n  F a m i l i e s

Salient Leap-Preserving
Large leaps (based on second derivative of pitch) are 
preserved, maintaining prominent jumps.

Contour-Preserving
The direction of pitch intervals is preserved (e.g., 
up/down pattern), and actual intervals differ.

Identity
Motif is identical to its anchor in length, pitch, rhythm, 
harmony, and order.

Rhythm-Preserving
The motif maintains the rhythmic structure when the 
differences between their inter-onset intervals are consistent, 
as quantified by low mean absolute deviation from the 
median.
Symmetry-Preserving
The motif is an inversion, retrograde, or both (inverted 
retrograde), relative to the anchor, using the first note 
as the axis of inversion; allows “imperfect inversions” 
(e.g., fourths  fifths, major  minor).

Note Addition/Removal
Notes (which are not duplicated pitches) are inserted or 
removed. 

Harmony-Preserving
The harmonic function zones (Tonic, Pre-Dominant, 
Dominant) remain consistent across aligned notes.
Intervalic-Preserving
The interval roles (e.g., third, fifth, tritone) between notes 
are preserved modulo 12, even if absolute pitches differ.

Example: Harmony- (𝐼𝑉65 & 𝑖𝑖7 ⇒ 𝑃𝐷) & intervallic-preserving

Data



I l l u s t r a t i o nData



Graph Definition:For each sonata, we construct a block-diagonal graph 𝐺 = (𝑉, 𝐸), where nodes represent motif instances and edges represent proximity, each block corresponds to a segment, and no connections exist between segments.
Node Representation:Each node 𝑚𝑠

𝑗 (motif instance j in segment s) corresponds to a motif instance and is labeled by a binary vector of transformation families 𝑌 𝑚𝑠
𝑗

∈  {0,1}𝑄.
Edge Construction:Within each segment, motifs are fully connected, with edge weights given by a Gaussian decay of their onset distance:

𝑤 𝑚𝑠
𝑖 , 𝑚𝑠

𝑗
 =  ൞𝑒𝑥𝑝 −

𝑗 − 𝑖 2

𝜎2
 𝑖𝑓 𝑒𝑥𝑝 −

𝑗 − 𝑖 2

𝜎2

0 𝑜. 𝑤

< 10−5

G R A P H I C A L  M O D E L I N G

Example:

Model



C o n d i t i o n a l  R a n d o m  F i e l d s
Goal: Model dependencies among motif transformation labels (and covariates) within each segment.Nodes: Motif instances (Motif level feature matrix 𝑋 ∈ 𝑅𝑁×𝐷 (𝑁 motif instances, 𝐷 motif level features)Edges: Instances proximity under a corresponding segment.Labels: Binary matrix 𝑌 ∈ 0,1 𝑁×𝑄 indicating transformation families.Graph: Adjacency matrix 𝒜 encodes proximity within segments (block-diagonal).
CRF Equation:

Unary terms (α): effect of motif-level features on label activations.Pairwise terms (β): capture co-occurrence of transformation families across connected motifs.Z(X): partition function (normalization).

Without the pairwise terms → the model reduces to multilabel logistic regression!

Model

Objective function:



S t a t i s t i c a l  I n f e r e n c eInference

CLR Statistic: 
𝐶𝐿𝑅 =  2  ℒ𝑐𝑜𝑚𝑝

෠𝜃 − ℒ𝑐𝑜𝑚𝑝
෠𝜃0

• Compares full vs. restricted model (drop a block of parameters).
• Assesses if a group of features or pairwise terms significantly improves model fit.
• Used for block-level inference.
Comparisons Tested: Intercept → Unary (𝛼), Unary → Full (𝛼 + 𝛽), Pairwise → Full.

Wald CI:
෠𝜃𝑗 ± 𝑧

1−
𝛼
2

⋅ ෢𝑉𝑎𝑟 ෠𝜃
𝑗𝑗

• Tests whether an individual coefficient contributes significantly.
• Provides interpretable effect size + uncertainty.
• Adjusted with Benjamini–Hochberg (FDR, 𝑞 = 0.1) to control false discoveries.



P e r i o d - B a s e d  M o d e l s  &  
E f f e c t i v e  S a m p l e  S i z e

Period Based:Beethoven sonatas divided chronologically, close to the Early, Middle, Late.Each period estimated separately to capture stylistic variation.
Periods:
• 1795-1800 (Nos. 1–11, 19–20): Mozart/Haydn influence.
• 1801-1805 (Nos. 12–18, 21–25): “Heroic” style.
• 1810-1822 (Nos. 26–32): Experimental (with some bridge between the heroic period and the late period).
Effective Sample Size (ESS)The independent unit is the segment (not the motif instance), as pairwise dependencies rely on within-segment proximity.This matches cluster-robust inference (Cameron & Miller, 2015).
• Unary block: ESS = number of segments.
• Pairwise block: ESS for 𝛽𝑝𝑞 ​ = number of segments where 𝑝 or 𝑞 appear.

Data & Model



Early Period: 1,953 motif instances.

T r a n s f o r m a t i o n  F r e q u e n c i e sData & Model

Middle Period: 1,874 motif instances. Late Period: 893 motif instances.



C L R  R e s u l t s

Middle Period: Permutation CLR (1,000 resamples)

Late Period: Permutation CLR (1,000 resamples)

Early Period: Permutation CLR (1,000 resamples)

Inference



R e s u l t s  S u m m a r y

Early Period: significant ො𝛼 parameters
Early Period: significant መ𝛽 parameters

Inference



Early Period: significant ො𝛼 parameters Early Period: significant መ𝛽 parameters

Inference



Inference

Middle Period: significant ො𝛼 parameters Middle Period: significant መ𝛽 parameters



Inference

Middle Period: significant ො𝛼 parameters Middle Period: significant መ𝛽 parameters



Inference

Late Period: significant ො𝛼 parameters Late Period: significant መ𝛽 parameters



Inference

Late Period: significant ො𝛼 parameters Late Period: significant መ𝛽 parameters



D i s c u s s i o n  &  C o n c l u s i o n s
Interpretability
• Our CRF framework parallels logistic regression but adds pairwise graph structure.
• Provides a structured, probabilistic tool for studying motif transformations.
Strengths
• Simple (relatively), interpretable parameters (α: feature effects, β: motif–motif dependencies).
• Framework not tied to a fixed segmentation: adaptable to other graph designs.
• Provides inference under sufficient effective sample size.
Limitations
• Dataset scope: only first movements, modest number of segments.
• Labels/features derived from same data,  might lead to a “propagation” of the annotation errors.
Future Directions
• Larger datasets: full Beethoven corpus or multi-composer corpora.
• Medoid Motif group anchors.
• Feature-specific β matrices, mixed-effects CRFs.
• Fixed-effects controls for broader stylistic/composer comparisons.

Discussion
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