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1 Intro duction

We presert below SIA and SIATEC two new algorithms for e cien t and e ectiv e pattern-discovery in
multidimensional datasets. (A multidimensional dataset is simply any set of points in an N -dimensional
space.) These algorithms can be used as the basis of new applications for compressionand indexing of
databasesand data mining or structural analysisof data. The new algorithms are particularly appropriate
for usewith databasesin which ead item in the databaseis represenied as a multidimensional dataset,
asis the case,for example,in computer-basedmusic libraries and databasesof audio data, databasesof
2- and 3-dimensional molecular structures, computer-basedimage and video libraries and collections of
graphsrepreserting scierti ¢ results or nancial data.

When ead elemert in the databaseto be processedis a multidimensional dataset and when the
userwishesto discover sets of translationally-in variant patterns, SIA and SIATECare more e ectiv e than
previous string-based approaches.

Possibleapplications of SIA and SIATEGinclude but are not limited to:

Prediction and analysis of nancial data such as stock market performance.

Storage and matching of image data in security systemsbasedon recognition of images such as
retinal scans, ngerprin ts, faces,hands etc.

Compressionand indexing of huge databasesof MIDI or MPEG les.
Transcription of digital audio to a symbolic represenation (e.g. audio-to-MIDI).
Compressionand indexing of video data (e.g. MPEG-7 les).

Analysis of 2- and 3-dimensional molecular structure as used, for example, in drug developmert,
proteomics and genomics.

2 Motiv ation behind research

Our researd was originally motivated by the desirefor extraction (discovery) of patterns in music data.
There are various reasonsfor automatic extraction of musical patterns. First of all, from a musicological
point of view it is interesting to nd out which patterns recur and what kind they are. It may be the
case,for example, that such patterns can be used as stylistic ~ ngerprin ts' for particular musical styles
or composers.Moreover, a number of music analysts and music psychologists (Bent and Drabkin, 1987;
Lerdahl and Jackendo , 1983;Nattiez, 1975;Ruwet, 1966,1972), have stressedthat oneof the fundamental
stepsin achieving an interpretation of a pieceof musicis identifying the signi cant instancesof repetition

within the piece. So, being able to extract the recurring patterns meansthat the seard spacefor nding

musically meaningful patterns has drastically beenreduced,and someheuristics for deciding which of the
recurring patterns really are meaningful can be conducted.

Secondly the recurring patterns can be used for sparseindexing purposesin caseswhere the mu-
sic databasesused for content-based music retrieval are enormous. To enable interactive queries to
such databases,somekind of indexing is required. However, even the most economical version of suf-
x trees (Kurtz, 1999),a very e ectiv e indexing structure, will be of excessie size (Lemstrom, 2000). For
example,in the caseof a databaseof 100,000MIDI songs(Bainbridge et al., 1999) (which should still be
consideredonly moderately sized),a su x tree would require at least5 GB of main memory. Therefore, we
claim that the sensiblestrategy for such a casewould involve an indexing structure storing only the mu-
sically most meaningful patterns. In a straightforward solution all the recurring patterns could be stored
in such a structure, whereasa more complicated but more e cien t solution would involve using analysis
heuristics to store nothing but the most meaningful patterns. In this way we could maintain a reasonably
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sizedindexing structure and frequertly enableinteractive performance,becausethe musically meaningful
patterns will frequertly be usedasquery keys.If the query key cannot be locatedin the indexing structure,
a fast online technique, for instance the techniquesdescribed by Lemstrom (2000), could be used.

We also believe that SIA and SIATECcould be usedas the basisfor a very e ectiv e and e cien t com-
pressionalgorithm for symbolically encaded polyphonic music. The idea behind compressiontechniques
is to remove the recurrencesof the data. However, the concept of a repetition in symbolically represerted
polyphonic music is quite di erent from the repetition of a word or phrasein text, which has beenthe
application areafor most of the available compressiontechniques. The di erence is due to the fact that,
no matter how the musical data has beenordered, there may always be someinterleaved events that are
actually not part of the meaningful pattern at all (such asornamerntations or part of an accompanime|
seeFigure 1). Therefore, in e ect, they would destroy the prominent lengthy pattern if text compression
techniqueswere used.

3 Related Work

Becausethe previous work has beenbasedon string matching techniques, we will now briey talk about
that framework in order to understand the di erence betweenthe problem that the previous methods
have beenable to solve, and the problem that we are facing.

3.1 Problem setting

Let be a nite setof symbols, called an alphalet. Then any A = (ai;az;:::;am) where eath g is a
symbol in , is asejueneover . The setof all sequenceover is denotedby . If a sequenceA is of
form A = ,where ; ; 2 ,wesa that isaprex, afactor (substring), and asux ofA.

A sequenceA® is a subsguene of A if it can be obtained from A by deleting zero or more symbols, i.e.,
A%= g, a, a,,Wwherei;:::ip isanincreasingsequenceof indicesin A.

To nd repeated patterns within a string, one can considerthe following problem setting as a starting
point. Given a nite set W of words, the task is to nd a string, called a pattern, p that is the longest
substructure (i.e. factor or subsequencepf every word in W. Note, that W may have beenobtained from
along string S that hasbeendivided into jWj factors. It is known (Crochemoreand Rytter, 1994,p. 25),
that if jWj is not constart and the substructuresto be consideredare subsequenceshe problem becomes
NP- complete. However, if factors instead of subsequencesare considered,the problem is solvable in
polynomial time. Bearing this fact in mind, it is clear that nding repetitions with “gaps'(the repetitions
correspond to similar subsequencesjs much more complex than nding repetitions without gaps (the
repetitions correspond to similar factors).

Let us now de ne the problem under consideration and a related problem. The slightly easierproblem,
denoted here by P1,isto nd every factor p; such that eac p; occurs more than oncein string S to be
inspected. By assumingthat the underlying alphabet is integervalued !, the string-matching problem that
corresponds most closelyto that solved by SIATECand SIA which we denote by P2, can be formulated
as follows. The task isto nd all subsequences;;)jO having more that one occurrencein S (note that, by
de nition, P2 contains P1 as a subcase). Naturally, by formulating the problems this way not only the
transposition invariance but also approximate matching (or both of them combined) becomeavailable.
For instance, in the transposition invariant case,p; is similar to p; if and only if all the elemeris of p
are transposedfrom the corresponding elemen in p; by the sameinteger c. Two strings are said to be
k-approximately similar if the latter can be obtained from the former (or vice versa) by using k or fewer
editing operations (seee.g. Crochemoreand Rytter (1994)).

1We do not need this assumption in the multi-dimensional dataset de nition of the problem given below.
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3.2 Solutions for P1

Denoting the length of S by n, the straightforw ard solution for P1 is to generateall the O(n?) substrings
of S. Then, eac substring is matched againstS to nd out how many times it occursin S. For a substring
of length m, O(mn) comparisonshave to be made. Thus, the overall complexity becomesO(n*).

By applying su x tries an O(n®) solution can be obtained. Formally, a trie is a rooted tree with two
main properties, i.e.

1. eadh node, exceptthe root, is assaiated with a symbol of an alphabet,

2. any two descendats of the samenode cannot be assaiated with the samesymbol.

A node corresponding to a last symbol of any su x is calleda nal state. TosolveP1, rst asux trie
for S is built, which can be donein O(n?) time (becausethere are O(n?) nodesin the structure). Then,
for each node a link to the nal statesthat are its descendats, is created. Finally, the repeated patterns
can be found by traversingthe trie; for ead internal node corresponding to a substring, its occurrences
can be located by going through the nal stateslinked by the node. The time complexity follows from the
number of the nodesin the trie, and the number of the nal states(i.e. n).

Hsu et al. (1998) used a dynamic programming technique to nd the repeating patterns. Though
having a O(n*) worst casetime complexity, it works much more e cien tly in practice. In their study,
Hsu et al. did not considertransposition invariance, but this can be obtained straightforwardly by using
intervals between the consecutive pitchesinstead of the absolute pitch values. However, their approach
can only be usedfor monophonic music or for discovering patterns wholly contained within a single voice
of a polyphonic piece.First they usea correlative matrix, whoseprocessingtake O(n?) time. The output
of the phaseis a candidate set including all the patterns comprisedin S (even those that appear only
once), together with their frequency In a secondphase, eadh candidate which is a subset of another
candidate ¢ (and whosefrequency doesnot exceedthe frequency of c) is removed from the candidate set.
In a pathological casethe number of required operations for this phasecan be O(n*). However, there are
rather fewer candidatesto be consideredin practice.

Another approac to solving P1 was preserted by Rolland (1999). However, his solution extendsto the
problem of allowing k proximity. The editing operations can be chosenfrom a set of prede ned, musically
relevant operations. In his method, the length of the consideredpatterns is bounded by setting a minimal
and maximal length for them. (In SIA and SIATECthere are no such bounds|the patterns discovered
may be of any size.) Then, all the patterns (substrings) falling in the allowed range are extracted from the
musical string. Having created a node for a pattern, it is comparedagainst other patterns (whose length
is closeenoughto that of the consideredpattern). If their similarity exceedsa given threshold value, an
arc betweenthe two nodes corresponding to these patterns is created and the weight of this arc is set
accordingto their similarity. In this way, the related patterns form stars in a similarity graph. Finally, the
patterns are sorted by their prominence:for every pattern in the similarity graph, the weights of the arcs
by which they are connectedto other nodesare accunulated. Then, the patterns are listed in a descending
order accordingto the accurnrulations. Rolland claims an overall time complexity of O(n?). However, if the
algorithm is required to nd patterns of any sizethis time complexity risesto (at least) O(n*), making it
lesse cien t in the worst casethan SIATEC Also, unlike SIATECand SIA, Rolland's algorithm is currently
limited to the discovery of patterns in monophonic sources.

In music, the pattern in Figure 1(b) would be understood to be an ornamerted repetition of the pattern
in Figure 1(a). Notes 1, 2, 3 and 4 in Figure 1(a) correspond respectively to notes1, 5, 9 and 13in Figure
1(b). This kind of musical ornamentation is called diminution and the number of ornamertal notes that
can be inserted betweenthe structurally more important notes of the theme can be arbitrarily high. A
string-matching pattern-discovery algorithm such as Rolland's considerstwo patterns to be “similar' if and
only if the number of edit operationsrequired to transform oneinto the other is lessthan somethreshold k.
For the two patterns in Figure 1 to be considered similar' by Rolland's algorithm, this threshold k would
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Figure 1: Two musically similar patterns separatedby a large edit distance.

haveto be setto at least9 to allow for the 9 insertions required to transform Figure 1(a) into Figure 1(b).
But this threshold is far too high in general, because,with such a high threshold, the algorithm would
classify certain musically extremely dissimilar patterns to be “similar'.

This shortcoming applies to any pattern-discovery algorithm basedon approximate string-matching
techniquesthat employ the edit-distance approach.

Cambouropoulos' (1998) GCTMS canberather straightforwardly adaptedto nding repeatedpatterns.
However, the classof patterns found is highly restricted. First, the patterns cannot contain gaps;second,
they are bounded by local boundariesthat are found in a preprocessingphaseusing gestaltlik e rules; and
third, the system only works for monophonic music. Cambouropoulos' theory categorizesthe patterns
found into \paradigms" in a manner similar to the \paradigmatic" music analysis of Ruwet (1972) and
Nattiez (1975). Each of these paradigmatic classescorresponds approximately to one of the translational
equivalenceclasseggeneratedby SIATEC

3.3 Solutions for P2

Very little e ort hasbeenmade sofar to solve the problem P2. However, musically this problem setting is
more pertinent and usefulthan P1, and not leastin thosecasesvherethe pieceof music under consideration
is polyphonic. The problem is somewhatrelated to the problem dealt with in molecular biology, where
seweral DNA sequencesre to be aligned in an optimal way (and therefore the common subsequencesf
the consideredDNA sequencesre to be found).

Theseproblemsareinherently di erent from ead other and, in somerespects,the discovery of patterns
in DNA sequencesand proteins is, in fact, somewhatsimpler than the discovery of musically signi cant
patterns in polphonic music. This is becauseboth proteins and nucleic acids can, at least at the primary
level of structure, be appropriately modelled as 1-dimensional strings of symbols taken from a highly
restricted alphabet. Whereas much polyphonic music cannot even be appropriately represeried as a set
of 1-dimensional strings and the musical \alphab ets" used are (at least in principle if not generally in
practice) in nite and multidimensional.

Nevertheless, let us roughly presen, as an example, a string matching approac to 1-dimensional
pattern discovery by Floratos and Rigoutsos (2000). The idea is to start with initial patterns of a given
length (possibly containing also “don't care' characters), and proceedrecursively to generatelonger and
longer patterns appearing in the data set. Floratos and Rigoutsos attempt to avoid the inherent NP-
hardnessof the problem by limiting the length of the consideredpatterns. With the aid of two su x
structures, they attempt to extend the consideredpatterns both backwards (by assigninga pre x to the
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| | Hsuetal. | Camb. | Roll. | Flor. & Rig. | SIATEC] SIA |
P P P

Allows gaps

Approximate matching P P P P P
Transposition invariant Pz P P Pz P P
Equivalenceclasses P Py E o
Considerspolyphony

Time complexity o(n*)? ? o(n?) NP Oo(n®) | O(n?log, n)
Spacecomplexity ? ? 0o(n?) ? o(n®) 0o(n?)

? Finds certain classesof approximate matches (e.g. Figure 1).
Z The property is achieved by using intervals instead of absolute pitches.
Y Actually paradigmatic categoriesbut similar to TECs.
But if sizeof patterns to be discoveredis unlimited, this risesto at least O(n?).

Table 1: Table comparing features of a number of pattern-discovery algorithms.

pattern) and forwards (by assigninga su x). Finally, the generated patterns represening exactly the
samesubsequence# a di erent way, are combined in a maximal pattern.

In Table 1 we have gathered the properties of the aforemertioned, relevant methods so that they can
be comparedwith our SIA and SIATECalgorithms that are presened below.

4 The mathematical function that SIATECcomputes

In this section we develop an expressionfor the mathematical function that SIATECcomputes. Some
well-known mathematical concepts (e.g. set and ordered set) are not de ned here. For de nitions and
explanations of such well-known conceptssee,for example, Borowski and Borwein (1989) or Cormen et al.
(1990, chap. 5).

We begin by de ning someterms that we shall usefrequertly from now on.

De nition 1 (Vector) An object may be called a vector if and only if it is a nite ordered set of
numbers. An object may be called a k-dimensional vector if and only if it is a vector of cardinality k.

We assumehere that every number in a vector is integral, rational or real.

De nition 2 (V ector set) An object may be called a vector set if and only if it is a set of vectors. An
object may be called a k-dimensional vector set if and only if it is a vector setin which every vector
has cardinality k.

An object may be called a pattern or a dataset if and only if it is a k-dimensional vector set. An object
may be called a datapoint if and only if it is a vectorin a pattern or a dataset. We usually resenethe term
dataset for a k-dimensional vector set that represerls somecomplete set of data that we are interestedin
processing.We usually resene the term pattern for either a k-dimensional vector set that is a subset of
somespeci ed dataset or a k-dimensional vector set that is a transformation of somesubsetof a dataset.
Every pattern is a k-dimensionalvector setand every datasetis a k-dimensional vector setbut we only call
a k-dimensional vector set a pattern or a dataset if the vectorsit cortains are intended to be interpreted
as position vectors (i.e. datapoints).

We now de ne a number of basic conceptsand notations relating to ordered setsand, in particular,
vectors.
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De nition 3 (Concatenation of ordered sets) If A and B are ordered sets such that
A=ha;ax;iani and B = hog; by by
then the concatenation of B onto A, denoted by A B, is de ned to be equal to
a1 ap;:iiam;byiby; i ibyi
De nition 4 (Concatenation of a collection of ordered sets) If
S1:S,; Sk Sh
is a collection of ordered setsthen the expression
S S i S i S,

is de ned to be equivalent to

k=1
If S is a setor ordered setthen we denote the cardinality of S by |S;j.
De nition 5 (Elemen t of an ordered set) If S is an ordered set,
S = h81;Sp;::iSn; i
then
S[n] = sy

for all integern suchthat 1 n |Sj. That is, the expression S[n] evaluatesto the nth elementof S. If
S[n] is itself an ordered setthen S[n; m] returns the mth elementof S[n], S[n; m; 1] returns the Ith element
of S[n; m] and so on.

De nition 6 (Addition and subtraction of vectors) If u and v are vectors suchthat juj = jvj = k
then:

M
u v = hufi] ~ v[ili
i=1
v = h v[i]i
i=1
ut+v = hufi] + v[ili

i=1
De nition 7 (V ector inequalit y) If u and v are vectors then u < v if and only if one of the following
conditions is satis ed:

1. juj < jvj; or

jvj = k and there exists an integeri suchthat 1 i k and u[i] < v[i] and u[j] = v[j] for
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We now de ne a number of conceptsrelating to the geometrical transformation of translation.

De nition 8 (T ranslation of a pattern) If pis a pattern and v is a vector then the translation of
p by v, denotal by (p;Vv), is given by the following equation:

(p;v) = fd2j (9d1j (d1 2 p)~ (di + v = d2))g 1)

Note that the expressiond; + v on the right-hand side of Eq.1 is a vector addition asde ned in De nition
6.

De nition 9 (T ranslational equiv alence) If p and q are patterns then q is translationally  equiv a-
lent to p, denoted by q p, if and only if there exists a vector v suchthat q= (p;v). That is

a p() 9vjg= (p;v) 2

De nition 10 (T ranslational equiv alence class of a pattern) If D is a datasetand p is a pattern
suchthat p D then the translational equiv alence class (TEC) of pin D, denotel by E(p;D), is
given by the following equation:

E(p:D) = fajg p*q Dg @)

De nition 11 (Maximal translatable pattern (MTP) for a vector) If v is a vector and D is a
datasetthen the maximal translatable pattern (MTP) for v in D, denotal by p(v;D), is given by
the following equation:

p(v;D) =fdjd2 D" d+ v2Dg 4)

We say that p(v; D) is a maximal translatable pattern (MTP) in D if and only if p(v;D) 6 ;.

De nition 12 (Complete set of maximal translatable patterns) If D is a datasetthen the com-
plete set of maximal translatable patterns in D, denoted by P(D), is given by the following equation:

P(D) = fp(d; dz;D)jdi;d2 2 Dg (6)

De nition 13 (Complete set of MTP TECs) If D is a datasetthen the complete set of MTP
TECs for D, denoted by T(D), is given by the following equation:

T(D)=fE(p;D)jp2 P(D)g (6)

In other words, the complete set of MTP TECs for a dataset D is the set that only cortains every TEC
which is the TEC of a maximal translatable pattern in D. When given a dataset D as input, SIATEC
computesT (D) asde ned in De nition 13.

Lemma 1 If D is a datasetthen

T(D) = fE(p(di d;D);D)jdi1;d22 Dy )
Proof
If we substitute Eqg.5 into Eq.6 then we nd that
T(D) = fE(p;D)jp2fp(di d2;D)jdi;d22 Dgg

= fE(p(di dz;D);D)jdi1;d22 Dg

Lemma 1 tells usthat if d; and d, are any two datapoints in a datasetD then the TEC of the maximal
translatable pattern for the vector from d, to d; will be contained in T(D). Moreover, this lemma tells us
that if E isa TEC in T(D) for somespeci ed dataset D, then there will exist at least one pair of points
di;d2 2 D such that the maximal translatable pattern p(d; d;;D) isin E.
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SIATEC(FN: dataset file-name, SD: bit-vector indicating selected dimensions)
READATASET(FN,SD)
SORIDATASET
SETIFYDATASET
COMPUMNECTORS
CONSTRUWECTQRABLE
SORIVECTORS
CONSTRU®RTTERNIST
VECTORIZBATTERNS
COMPUHATTERBIZES

10 SORIPATTERNECTQREQUENCES

11 SETIFYPATTERNECTQREQUENCES

12 COMPUIEECS

13 OUTPUTECS

O©CoOoO~NOOOTh, WNPE

Figure 2: SIATECalgorithm.

5 SIATECANn overview

We now presernt SIATEGC an e cien t algorithm for computing T(D) for any dataset D. The worst-case
running time of SIATECis O(kn®) for a k-dimensional dataset containing n datapoints. A loose upper
bound on the worst-casespacecomplexity of SIATECis O(kn?®). We are currently trying to nd a tight
upper bound on this spacecomplexity.

We assumethat a K -dimensional dataset D of cardinality N has beensaved in a le whose name
is given to SIATECin the parameter FN (see Figure 2). We further assumethat we wish to processa
k-dimensional orthogonal projection of D de ned by the parameter SD

For example,D may be a collection of 3-dimensionaldatapoints represering points in a 3-d Cartesian
co-ordinate system. However, we may only be interested in discovering patterns in a particular two-
dimensional orthogonal projection of D. If we were only interested in the projection of D in the “X{Y'
plane, then we would set SDto 110. If we wereinterestedin the projection of D in the "X{Z' plane, then
we would set SDto 101. We denotethis projection of D by D and we denotethe cardinality of D by n. In
generaln N andk K.

In lines 1 to 3 of SIATEC(seeFigure 2), the datasetis rst read into memory, then it is sorted and
then duplicate datapoints are removed from it. Sorting the dataset allows us to implemert later stagesof
the algorithm much more e cien tly. Setifying the dataset is necessarybecause,in general, it is possible
for more than one of the K -dimensional datapoints in D to be projected onto the same k-dimensional
datapoint in D. READATASEMas a worst-caserunning time of O(K N). SORIDATASEIas a worst-case
running time of O(kN log, N). SETIFY.DATASEHas a worst-caserunning time of O(kN ). The total space
usedby lines 1{3 of SIATECis O(kN).

In line 4, the vector subtraction d; d, is computed for all pairs of datapoints di;d, in the dataset.
The worst-caserunning time and spacecomplexity of this step are both O(kn?).

If D is a dataset and p; and p, are patterns, then it follows directly from De nition 10 that

pr D”p2 D”pt  p2) E(p1;D)=E(p2;D) 8
Lemma 2 If D is a datasetand v is a vector then
(p(v;D);Vv) = p( v;D) 9)

Proof



5 SIATECAN OVERVIEW 10

De nition 11 implies
p( v;D)=fdjd2D"d v2Dg (10)

De nition 11 and De nition 8 together imply

fd2j(9dijds 2 p(v;D) ™ di + v = dz)g

= fdzj(9d1jd12D"d1+v2D"d1+v=dz)g

= fdyj(901jdi 2D~ 2D di=dr Vg

= fdyj(9d1jd22D~d, v2D)g

= fdjd,2D"d, v2Dg (11)

(p(v;D);v)

Eq.11 and Eqg.10 together imply
(p(v;D);v) = p( v;D)

Lemma 2 tells us that if we translate by v the maximal translatable pattern for v then we get the
maximal translatable pattern for the vector v.

Lemma 3 If D is a datasetand d;;d, 2 D then
E(p(dy d2;D);D) = E(p(d2 di;D);D) (12)

Proof
If D is adatasetand di;d, 2 D then De nition 12implies that p(di d2;D) 2 P(D) and p(d2 di;D) 2 P(D).
Lemma 2 tells us that
(p(di  d2;D);di  dp) = p(d2  di;D)

Therefore, by De nition 9,
p(dl dz; D) p(dz dl; D)
and consequettly, by EQ.8,
E(p(di1 dz;D);D)= E(p(d2 di1;D);D)

Since the goal of SIATECis to compute the complete set of MTP TECs, T(D), there is no point in
us computing both E(p(d; dy;D);D) and E(p(d, di;D);D) for eat pair of datapoints d;;d, 2 D
since we know from EQ.12 that for any given pair of datapoints thesetwo TECs are the same. Conse-
quertly, there is no needfor usto compute both p(d; dy; D) andp(d, di; D) for every pair of datapoints
di;d> 2 D|w eonly needto compute one of these MTPs for ead pair of datapoints.

Therefore, in lines 5{7 of SIATEC(Figure 2), instead of computing P (D), the complete set of maximal
translatable patterns, we compute the set PqD) which is de ned as follows.

De nition 14 If D is a datasetthen
PYD) = fp(d; dy;D)jdi;dp 2 D~ dy > dag (13)

The nasve algorithm for computing P (D) (seeDe nition 12) for a dataset containing n datapoints would
involve computing p(d;  do; D) for n? vectors. However, to compute PYD) we only have to do this for
the % datapoint pairs that satisfy the condition d; > d,. The worst-caserunning time for computing
PYD) is therefore lessthan half that of computing P (D). Since SIATECcomputesP YD) instead of P(D),
the set of TECs generatedby SIATECfor a dataset D is, in fact, not T(D) but TY{D) which is de ned as
follows.
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De nition 15 If D is a datasetthen
TYD) = fE(p;D)jp2 PYD)g (14)

It can be shown (seeLemma 6) that PYD) doesnot cortain the maximal translatable pattern in D for
the zerovector, 0. Clearly, every point in a dataset can be translated by the zero vector to give another
point in the dataset. Therefore the MTP for the zerovector is equal to the complete dataset, that is,

p(0;D) =D (15)

Moreover, it can be shown that if D is a non-empty dataset and d; and d, are two distinct datapoints in
D then the maximal translatable pattern in D for the vectord; d, is never equal to the whole dataset
D. We will now prove this.

Lemma 4 If D is a datasetthen
Dé;"di6d) p(d d;D)6D (16)

Proof
Let us denote by
=ha; 2500l
the ordered set that results from sorting the dataset
D = fdi;dz;:::dng

so that all the datapoints are in increasing order. Let us now assumethat p(d; dz;D) = D for some pair of
datapoints di;d2 2 D;d1 6 d,. We know that there is no datapoint greater than , in D. However, if di > d,
then , +d; dz> , therefore

di>d2) n2p(di d2;D)) p(di d2;D)6 D (17)

Similarly, we know that there is no datapoint lessthan ; in D. However, if di < d, then 1+ di d2 < 1

therefore
di<d2) 12p(di d2;D)) p(di d2;D) 6 D (18)

Eq.17 and Eq.18 together imply that
D6;"d16d2) p(dl dz;D)eD

For a given dataset D, the set T{D) hasthe following property:
TYD) = T(D) nff Dgg

In other words, TYD) is the relative complemert of ff Dgg in T(D), or, to put it yet another way, Tq{D)
only contains all the elemers of T(D) exceptfDg= E(D;D) = E(p(0; D); D). The following two lemmas
prove this result.

Lemma 5 If D is a datasetthen

TYD) = fE(p(dy d2;D);D)jdi;d2 2 D" dy 6 dag (19)
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Proof
Eq.14 and Eq.13 together imply

TO(D): fE(p(di d2;D);D)jdi;d22 D" di > dzog (20)
Eq.12 and Eq.20 together imply

TO(D) = fE(p(dz dl;D);D)jdl;d22 DAd1> dzg
= fE(p(di d2;D);D)jdi;d22 D " di < dag (21)

Eq.20 and Eqg.21 imply
TYD) = fE(p(d1 d2;D);D)jd1;d2 2 D d1 & dg

Lemma 6 If D is a non-empty datasetthen
TYD) = T(D) nff Dgg (22)

Proof
From Eq.15 and Lemma 4 it follows that if D 6 ; then

p(di d2;D)=D () di=de (23)

Lemma 5 and Lemma 1 imply
T(D) = TAD) [ fE(p(0;D);D)g

and from Eq.15 we know that p(0;D) = D. Therefore

T(D) = TYD)[ fE(D;D)g
= TYD)I ff Dgg (24)

Eq.23 and Lemma 5 imply E(D;D) 2 TYD) which in turn implies
ffDgg 2 TYD) (25)

Eq.24 and Eq.25 imply
TYD) = T(D) nff Dgg

Since TYD) cortains all and only the TECs in T(D) exceptfor E(D;D) and sincein generalwe are
not interested in E(D;D), it is more ecient (and perfectly sucien t) for SIATECto compute the set
PYD) instead of the set P (D).

Each time a vector v = d; d, is computed by COMPUNECTOR@ne 4 of SIATEC(Figure 2)), the
vectorv is storedin alinkedlist nodethat hasa pointer to the vector's “source'datapoint d,. This feature,
together with the fact that the dataset is sorted before COMPUTECTORIS called, allows PYD) to be
computed simply by sorting the vectors computed in line 4. This can be achievedin a worst-caserunning
time of O(kn? log, n) and a worst-casespacecomplexity of O(kn?).

Eq.8 tells us that if two patterns are translationally equivalent then their TECs will be identical. As
already explained, SIATEQGzomputesthe set TYD) = fE(p;D)jp 2 PYD)g (Eq.14). However, it is possible
in generalfor P{D) to contain distinct but translationally equivalent patterns. Clearly, if pi;p2 2 PYD)
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and p; p2 then there is no point in computing both E(p1; D) and E(p2; D). Therefore, beforecomputing
TYD), we rst compute the partition

P(D) = fE(p;PAD))jp2 PYD)g (26)

where
E(p;PYD)) = fqjq2 PYD)"q  pg (27)

We then construct a set P°{D) which cortains exactly one pattern from each E 2 P(D). This guarantees
that there are no two patterns in P°{D) that are translationally equivalert.

This processof generatinga set P°{D) from PYD) is implemented in lines 8{11 of SIATEC The worst-
caserunning time and worst-casespacecomplexity of lines 8{11 of SIATECare O(kn? log, n) and O(kn?)
respectively.

PYD) can be computed from PYD) by simply examining eac pattern p in PYD) and removing p if
and only if one of the remaining patterns in PYD) is translationally equivalent to p. From Eq.8 we know
that if two patterns are translationally equivalent then their TECs will also be the same.Let's say that
we initialize A to be equalto PYD) and then we examine eac pattern p in A in turn and remove p if
and only if there is an as yet unscannedpattern remaining in A that is translationally equivalent to p.
We know that whenewer a pattern p is removed from A during this processof computing P°{D) there is
always a pattern remaining in A whoseTEC is the sameasthat of p. Therefore we know that by the time
the processhas completedand A = P%{D),

fE(p;iD)jp2 PAD)g= fE(p;D)jp2 PXD)g
which, together with De nition 15 implies that
TYD) = fE(p;D)jp2 PD)g (28)

The function COMPUTEECScalled in line 12 of SIATECcomputes TYD) by computing the TEC of
ead pattern in P°{D). COMPUTEECSachievesthis in a worst-caserunning time of O(kn3). A looseupper
bound on the worst-casespacecomplexity of COMPUTEECSs O(kn?). But in practice it seemsto be much
better than this and the tight upper bound may be aslow as O(kn?).

6 SIATECA closer look

6.1 The data structures used

The implementation of SIATEQdescribed hereuseslink ed list data structures. Three di erent typesof node
are usedto construct the data structures usedin SIATECNUMBERODE VECTOROD&ENd PATTERNODE
Thesetypesare de ned in Figure 3.

NUMBEROD&£& are used to construct linked lists that represen vectors. Each NUMBERODHas two
elds, one called numberand the other called next. The number eld of a NUMBERODES usedto hold a
numerical value. The next eld is a NUMBERODRointer usedto point to the node that holds the next
elemert in the vector. A NUMBERODEs represertied diagrammatically as a rectangular box divided into
two cells (seeFigure 4). The left-hand cell represers the number eld and the right-hand cell represers
the next eld. A cell with a diagonal line drawn acrossit represens a pointer whosevalue is NULL The
pointer v in Figure 4 headsa linked list of NUMBEROD&that represents the vector h3; 4i.

VECTQROD#&are usedto construct link edlists that represen vector sets,such aspatterns and datasets.
Each VECTQRODHmBas three elds: a NUMBERODMointer called vector and two VECTORODPointers,
one called downand the other called right (seede nition in Figure 3). A VECTQRODES represered
diagrammatically asa rectangular box divided into three cells (seeFigure 5). The left-hand cell represens
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types
NUMBERODE
number : a numerical value
next : a NUMBERODBointer
VECTQRODE
vector : a NUMBERODHointer
down, right : VECTQRODEHointers
PATTERNODE

vec_seq, pattern, vectors : VECTQRODBointers
down, right : PATTERNODHBointers
size : an integer

global variables

D: a VECTQRODHointer used to head the list representing the
dataset

V : a VECTQRODBointer used to head the table of vectors used
in finding patterns
P : a PATTERNODHEointer used to head the list of patterns

Figure 3: Typesand global variables.

number next NULL

Figure 4: Using NUMBEROD¢t0 represert vectors.
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Figure 5: A right-directed list of VECTQRODE
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Figure 6: A down-directed list of VECTQRODE

the vector eld, the middle cell represerts the down eld and the right-hand cell represerts the right
eld. The eld called vector is always usedto head a linked list of NUMBERODE&preseriing a vector.
The right eld is usedto point to the next VECTQRODEN a right-dir ected list such asthe one shown
in Figure 5. The down eld is usedto point to the next VECTQRODEH a down-directed list such asthe
one shown in Figure 6. The linked list in Figure 5 could be usedto represen the ordered set of vectors
hhl; 3i ; h2; 4i ; h3; 3ii or, of course,the vector set th1; 3i ; h2; 4i ; h3; 3ig. The linked list in Figure 6 could be
usedto represen the ordered vector set hi1; 1i ; h2; 2i ; h3; 1ii or the vector set fh1; 1i ; 2; 2i ; h3; 1ig. The
fact that eadh VECTQRODHMBas both a downand aright eld allows for a linked list of VECTOROD&to
be e cien tly sorted using an implementation of mergesort that converts an unsorted down-directed list
into a sorted right-directed list (seethe algorithms SORIDATASE({Figure 12) and SORIVECTOREigure
26)).

A PATTERNODI usedto hold information about an individual pattern. It hassix elds (seede nition
in Figure 3) and is thus represenied diagrammatically as a rectangle divided into six cells as shown in
Figure 7. The left-most cell represerts the vec_seq eld, the next cell to the right represers the vectors
eld and the subsequen cells represer, in order, the size , down right and pattern elds.

By the time that OUTPUTECSIs called in line 13 of SIATEC(Figure 2), the global PATTERNODE
pointer variable P (seeFigure 3) headsa right-directed linked list of PATTERNOD&Iin which ead node
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vectors down pattern

|
vec’se 8 \,\1
-seq size right

Figure 7: The structure of a PATTERNODE

w

Figure 8: A simple two-dimensional dataset.

represerts one complete MTP TEC. Figure 9 showsthe data structure generatedby SIATECfor the simple
two-dimensionaldataset shown in Figure 8. The data structure in Figure 9 consistsof a right-directed list
of three PATTERNOD&headedby P. This list asa whole represerts TYD) for the dataset represeried by
the right-directed list headedby the global variable D. Each node in the PATTERNODHSst headedby P
represents the MTP TEC E(p;D) for a single pattern in P°{D). For example,the rst node in this list
(the node pointed to by P) represerts the TEC

fth 1;1i ; 18; lig; f h1; 3i ; 13; 3igg (29)

In this implementation, a TEC E(p;D) is represeried in a compact form as an ordered pair hp;V (p;D)i
where
V(p;D) = fvj (p;v) Dg (30)

In a PATTERNODEthe pattern p is stored as a linked list headedby the pattern eld and the set of
vectorsV (p; D) is stored as a list headedby the vectors eld. Thus, the node pointed to by Pin Figure
9 represeris the TEC in Eq.29 by meansof the ordered pair

hfhl; 1i ; h3; 1ig; fh0; Oi ; HO; 2igi

The pattern eld points to a linkedlist of VECTOQROD&that represens a pattern, eadh VECTORODE
storing a datapoint in the pattern. However, the datapoint assaiated with a VECTQRODIN such a list is
not stored explicitly asa linked list of NUMBEROD&headedby the vector eld of the node. Instead, to
save space,the down eld of eadh VECTQRODEN a pattern list is usedto point to the appropriate node
in the dataset list headedby the global variable D (seeFigure 9).

A PATTERNODIHBas both a downand aright eld for the samereasonthat a VECTQRODIkas these
elds: it allowsa list of patterns to be sorted e cien tly usinganimplementation of mergesort that cornverts
an unsorted down-directed list into a sorted right-directed list (seethe SORIPATTERNECTOREQUENCES
algorithm in Figure 35).
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Figure 9: An example of a data structure generated by COMPUTEECS

The vec_seq eld in a PATTERNODIES usedto store an intervallic represenation of the pattern stored
in the pattern eld. This intervallic represeration of the pattern is usedtogether with the cardinality
of the pattern which is stored in the size eld to enablea set P°{D) to be derived more e cien tly from
P(D).

6.2 Reading and preparing the dataset

Line 1 of SIATECcalls the procedure REAIDATASEWhich is given in Figure 10. The pseudo-cale used
here should be easyto read for anyone who has written programsin C or Pascalusing linked list data
structures. If x is a pointer variable then the expressionx"y denotesthe eld calledy in the node pointed
to by x. The expressionx y should be read \ x becomesequal to y". Block structure is indicated by
indentation.

D; N; K; D; k and n are asde ned on page9 above. For each of the N K -dimensional datapoints p
in F (the le whosenameis FNsee lines2 and 5 of REAIDATASBETREADATASEReadsp, computesthe
required k-dimensional projection of p and storesthe resulting k-dimensionaldatapoint in a down-directed
linked list of VECTQRODE This list of VECTQROD&EIs headedby the global variable D (seeFigure 3).
For example, if

hh3; 3; 3i ; 13;3; 2i ; 13; 1; 3 ; hl; 1; 3 ; hl; 1; 4i ; h; 3; 5ii
is the sequenceof 3-d datapoints stored in a le called\lename.dat" then the procedurecall
READDATASET("filena me.dat” ,11 0)

would result in the linked list shovn in Figure 11. Note that ead vector in Figure 11 (and all the other
data structure diagrams that follow) is actually a linked list of NUMBEROD&Dbut to draw these in full
would clutter the diagrams.

It is assumedthat the function OPENFILE (Figure 10, line 5) attempts to open the le whosename
is FNreturning a pointer to the beginning of the le if it succeedsand NULLIf it doesnot. The function
READATAPOIN({ines 8 and 12) readsthe next K -dimensional datapoint from the le F returning either
the required orthogonal projection of this datapoint or NULLIif the end of the le hasbeenreached. The
function MAKENEW/ECTQRODKlIines 9 and 13) simply allocates a new VECTORODEinitializes all its
elds to NULLand returns a pointer to the new node.
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READATASET(FN dataset filename, SD: bit-vector

1 local variables

2 F : a file containing a dataset
3 d : a pointer to a NUMBERODE
4 p : a VECTQRODHointer

5 if (F OPENILE(FN)) = NULL

6 EXIT

7 D NULL

8 if (d READDATAPOINT(F,SD))6 NULL
9 D MAKENEWECTQRODE

10 p D

11 p" vector d

12 while (d READATAPOINT(F,SD))6 NULL
13 p"down MAKENEWECTQRODE
14 p p"down

15 p" vector d

16 CLOSEILE(F)

indicating

Figure 10: READDATASE@Igorithm.

selected

dimensions)

Figure 11: An example link ed list of VECTQROD&ECconstructed by READATASET

18
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N -

19

SORIDATASET
variables
ABOVRA, A, B, BELOWB, C: VECTQRODHointers

while D 6 NULLand D'down6 NULL
ABOVRA NULL

D
NULL

repeat

if D6 NULL
ABOVR'down NULL
B A'down
A'down NULL
BELOWB B'down
B'down NULL
C MERGBATASEROWS(A,B)
if D= NULL
D C
else
ABOVR'down C
C'down BELOWB
ABOVRA C
A ABOVR'down
A = NULLor A'down= NULL

Figure 12: SORIDATASE@Igorithm.

The worst-casetime complexity of READATASEIE clearly O(K N) sinceit involvesreading N vectors
ead containing K numbers. Its worst-casespacecomplexity is O(kN) sinceonly k of the K numbersread
from the le for eath datapoint are actually stored in memory.

The e ciency of this implementation of SIATEGdependsupon the dataset being sorted and this sorting
is donein line 2 of SIATECusing the procedure SORIDATASES$hown in Figure 12. This procedureis an
implementation of merge sort that converts the unsorted down-directed list generatedby READATASET
into a sorted right-directed list. On the rst iteration of the outer while loop (lines 3{22), SORIDATASET
scansthe down-directed list of unsorted datapoints, merging ead pair of consecutive datapoints into
a single, sorted, right-directed list. For example, Figure 13 shows the state of the linked list D after one
iteration of the outer while loop hasbeencompletedon the datasetlist showvn in Figure 11. On subsequenh
iterations, ead pair of adjacer right-directed lists is mergedinto a single list and the processcontin ues
until the whole list has been merged into a single, sorted, right-directed list. The merging processis
carried out by the algorithm MERGBATASEROWShown in Figure 14. Figure 15 shows the right-directed
list produced by SORIDATASETfom the down-directed list showvn in Figure 11.

The algorithm MERGBATASEROWS an implemertation of the standard merge technique usedin
merge sort. The function VL called in lines 5 and 14 of MERGBATASEROWSkes two NUMBERODE
pointer argumens, ead represening a vector. The procedurecall VL(vy, v2) returns TRUEf and only if
v1 < vy (vector inequality is de ned in De nition 7). It is well-known that the worst-caserunning time
for merge sort to sort a list of n items is O(nlog, n). The worst-caserunning time of SORIDATASETS
O(kN log, N) wherek is the dimensionality of the required orthogonal projection D of the input dataset
D (seepage9) and N is the cardinality of D. This follows directly from two facts: 1) there are N items
in the dataset list headedby D, and 2) eadh comparisoncarried out by VLtakesO(k) time. SORIDATASET
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Figure 13: The state of the link ed list Dafter one iteration of the outer while loop of SORIDATASE®n the dataset

list in Figure 11.

N -

D

MERGBEATASEROWS(AB : VECTQRODEointers)

local variables
a, b, C, c: VECTQRODRointers

a A
b B
if VL(a"vector,b "vector)
C a
a a"right
else
C b
b b"right
C'right NULL
c C

while a 6 NULLand b 6 NULL
if VL(a"vector,b "vector)
c"right a
a a"right
else
c"right b
b b" right
c c"right
c"right NULL
if a = NULL
c"right b
else
c"right a
return C

Figure 14: MERGBATASEROWS&Igorithm.

h1; 1i h1; 1i h1; 3i h3; 1i h3; 3i h3; 3i

n n n n n nin

Figure 15: The sorted, right-directed linked list produced by SORTDATASETrom the unsorted, down-directed

dataset list in Figure 11.
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SETIFYDATASET

1 local variables

2 di,d, : VECTQRODHointers

3 di D

4 while d; 6 NULLand d;"right 6 NULL
5 if VE(ch"right "vector,d 1"vector)
6 Delete d;"right.

7 d2 dl"right

8 di "right d>"right

9 d>"right NULL

10 d2 DISPOSEOEVECTQRODE(g)
11 else

12 dy di"right

Figure 16: SETIFYDATASE&gorithm.

h1; 1i h1; 3i h3; 1i h3; 3i

D n n n nin

Figure 17: The linked list that results when SETIFYDATASETas been executed on the link ed list in Figure 15.

simply rearrangesthe nodesin the linked list created by REAIDATASEAand therefore usesno extra space.

As explained on page9, it is possiblefor more than one of the K -dimensional datapoints in D to be
projected onto the samek-dimensional datapoint in D. This meansthat the right-directed list headedby
Dthat results after the execution of SORIDATASEMmay contain duplicate datapoints. If this is so, then
thesedatapoints will clearly be adjacert to ead-other in the list and therefore can be removed using the
simple procedure SETIFYDATASES$hown in Figure 16. This procedure determinesfor each datapoint d;
whether or not it is equal to the one that precedesit in the list (d; 1) (line 5). If this is the case,then
di is deleted from the list. Otherwise we proceedto comparing dj+1; with d;. Each datapoint in the list
is therefore compared with one other preceding datapoint using the function VE which returns TRUEf
and only if the two datapoints are equal. VEruns in O(k) time therefore the worst-caserunning time of
SETIFYDATASET® O(kKN). SETIFYDATASETeducesthe amount of spaceusedby the linked list D from
O(kN) to O(kn). Figure 17 shows the linked list that results after SETIFYDATASERas beenexecutedon
the sorted right-directed dataset list shovn in Figure 15.

6.3 Computing all inter-datap oint vectors
De nition 14 suggeststhat computing PYD) would require computing the set
VAD) = fd; dzjdi;d2 2 D" dy > dog (31)
which is lessthan half the size of the set
V(D) = fd; djd;;d2 2 Dg (32)

In a previous version of SIATEG we did indeed only compute VY(D). However, we then discovered that
computing the full setV(D) allowedusto useasigni cantly moree cien t implementation of the procedure
COMPUTEECSwhich is called in line 12 of SIATEC(seesection 6.6 below). Indeed, by using V(D) instead
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COMPUTNECTORS
1 local variables
2 di,d2,p,v : VECTQRODHointers
3 \Y, NULL
4 if D6 NULLand D'right 6 NULL
5 di D
6 while d; 6 NULL
7 P d1
8 d> D
9 while d, 6 NULL
10 Make new VECTOR _NODE under d;.
11 p"down MAKENEWECTQRODE
12 p p"down
13 Connect p to ds.
14 p"right di
15 p" vector VM(c&" vector,d 1"vector)
16 if VE(d"vector,d ,"vector) and di"right 6 NULL
17 if V= NULL
18 \Y, MAKENEWECTQRODE
19 % \Y,
20 else
21 v"right MAKENEWECTQRODE
22 Y v'"right
23 v"down p
24 d> d>"right
25 dl dl"right

Figure 18: COMPUTNECTORSgorithm.

of VYD) we were able to reducethe worst-caserunning time of COMPUTEECSrom O(kn? log, n) in our
previous versionto O(kn3) in the versiondescribed here. In our implementation, V(D) is computed using
the procedure COMPUTEECTORShown in Figure 18.

Recall that we denoteby = hq; »;::: i the orderedsetthat results from sorting the datasetD =
fdy;dy;:::dng sothat all the datapoints are in increasing order. COMPUTNECTORSectiv ely computes
the table of vectors shown in Table 2. Becausethe dataset is sorted eact row of inter-datapoint vectors
in this table is sorted in increasingorder from left to right and eac column is sorted in increasing order
from top to bottom. Thesetwo featuresare usedto compute PYD) and TYD) more e cien tly.

In this implementation, is represenied by the right-directed dataset list headedby D that results
after SETIFYDATASERasbeenexecutedin line 3 of SIATE((seeFigure 19). Figure 20 shows the structure
computed by COMPUTNECTOR®r the dataset list shown in Figure 19. This data structure is essetially
alinkedlist represeration of Table 2. Let usdenoteby  the VECTQRODIH the structure in Figure 20

1 2 n

o3

Figure 19: The link ed list represertation of the sorted dataset
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From
1 2 n 1 n
1 1 1 1 2 1 n 1 1 n
2 2 1 2 2 2 n 1 2 n
To
n 1 n 1 1 n 1 2 n 1 n 1 n 1 n
n n 1 n 2 n n 1 n n

V"]

Figure 20: The data structure generated by COMPUTEECTORS

whosevector eld storesthe result of evaluating a sertence denoted by v. COMPUTNECTOR®nstructs
for eath datapoint node , a down-directed list of VECTQRODE , |, downto |, ,, headedby
. "down(seeFigure 20).

Note that
;o 'right =
for eady node ; . Note alsothat COMPUTECTOR®nstructs the right-directed linked list V which
storesthe node , , for each datapoint ;. Thesetwo featuresare usedto compute the set PqD) more

e cien tly (seesection 6.4 below).

COMPUNECTOR&Iculatesthe vector d;  d» for all pairs of datapoints d;;d, 2 D, making a total
of n? vectorsto be computed. Each of these vector subtractions is carried out by the function VMcalled
in line 15. This function takestwo NUMBERODRpointer argumerts, ead represering a vector. The call
VM1, Vo) returns a pointer to a NUMBERODIst represeriing the vector v, v». Each of thesen? vector
subtractions takesO(k) time (recall that k is the dimensionality of D, the required orthogonal projection
of D). This implies that the worst-caserunning time of COMPUTEECTORIS O(kn?). The resulting data
structure, as can be seenin Figure 20, occupiesO(kn?) space.

6.4 Computing PYD)
Lines 5 to 7 of SIATECcompute the set PqD) de ned in Eqg.13 above. The fact that

;o 'right =
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CONSTRUGECTQRABLE
local variables

2 p, v, w: VECTQRODHointers
3 p \%
4 while p 6 NULL
5 Y p" dowri down
6 w p
7 while v 6 NULL
8 w'down MAKENEWECTQRODE
9 w w'down
10 w'right v
11 v v"down
12 p p"right

Figure 21: CONSTRU®ECTQRABLEalgorithm.
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Figure 22: The data structure V constructed by CONSTRU®ECTQRABLE

in the data structure shown in Figure 20 meansthat PYD) can be computed simply by sorting the nodes
corresponding to the vectors below the leading diagonal of Table 2.2 However, the e cien t computation
of T{D) carried out by COMPUTEECSn line 12 of SIATECrelies upon the fact that the down-directed
VECTQRODHsts ( , , to , , in Figure 20) remain sorted in increasing order from top to bottom.
Therefore we cannot actually changethe order of the nodesin Figure 20. To get around this problem, we
usethe linked list V in Figure 20 and the procedure CONSTRUNECTORABLEFigure 21) to construct
the data structure shown in Figure 22. This data structure is a represenation of the region of Table 2
below the leading diagonal and the nodesin this data structure can safely be sorted without disturbing
the arrangemert in Figure 20.

The data structure in Figure 22 consistsof n 1 down-directed lists. The list headedby the downnode
of the jth node in the right-directed list headedby V contains n j nodes. There are therefore %
nodesconstructed by CONSTRU®ECTQRABLEThe worst-caserunning time of CONSTRU®ECTORABLE
is therefore O(n?) (note that this is independert of k, the dimensionality of D). The total spaceusedby
SIATECup to the completion of CONSTRU®ECTQRABLEemains O(kn?).

We shall now presernt an example of how simply sorting the data structure in Figure 22 yields P9YD).
Let us considerthe dataset in Figure 23. Figure 24 shows the table of vectors represened by the data
structure V computed by CONSTRU®ECTQRABLHor this dataset. This table correspondsto the data

21f we denote by vij the location in the ith column and jth row of a matrix or table (counting left-to-righ t and top-to-
bottom respectively), then the leading diagonal is the set of locations fv;; ji = jg.
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w

1

X

2

Figure 23: A simple two-dimensional dataset.

From
hi; 1i h1; 3i h2; 1i h2; 2i h2; 3i
b 6 6 3 6
h1; 3i ho; 2i
h2; 1i hi; 0i hi; 2i —
To h2;2i h1; 1i h1;  1i — ho; 1i —

h2; 3i hi; 2i h1;0i — ho;2i — ho; 1i —
h3; 2i h2; 1i h2; 1i - h1; 1i - hi;0i = h1; 1i -

Figure 24: The vector table constructed by CONSTRU®ECTQRABLEor the dataset in Figure 23.

25
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V ector Datap oint
ho; 1i — | h2;1i
ho; 1i — | h2;2i
ho; 2i — | h1;1i
ho; 2i — | h2;1i
hi 2 —

h1; 1i — h1; 3i

hi; 1i — | h2;3i

h1; 0i — | h1;1i

h1; 0i — | h1;3i

h1; 0i — | h2;2i

h1; 1i — | h1; 1i

h1; 1i

>
N
=

h1; 2i

=
2
et

Figure 25: The list that results from sorting the vectors in the table in Figure 24.

structure shown in Figure 22. Each entry in the table in Figure 24 is linked to the datapoint at the top of
its column to represert the fact that
Jtright =

i i

in Figure 20. We now sort the entries in the table in Figure 24 to obtain the list of vectors shown in
Figure 25. Note that ead vector v in this list is still linked to the datapoint at the head of the column in
Figure 24 that contained v. Simply reading o all the datapoints attached to the adjacernt occurrencesof
a given vector v in this list yields the maximal translatable pattern for v. P{D) can be obtained simply
by scanningthe list once, reading o the attached datapoints and starting a new pattern ead time the
vector changes.Each box in the right-hand column of Figure 25 correspondsto a maximal translatable
pattern.

From the foregoing discussion, it should be clear that the next step after executing
CONSTRUNECTQRABLES to sort the nodesin the resulting data structure (Figure 22). This is done
using SORIVECTOREigure 26), an implementation of merge sort that cornverts the structure in Figure
22 into a single, sorted, down-directed list represering a list of vectorslike the onein Figure 25.

SORIVECTOR®orks in a way that is essetially identical to SORIDATASETsee Figure 12). Each
pair of adjacert down-directed lists in Figure 22 is merged into a single list using the procedure
MERGEECTQOROLUMNSigure 27) which is called in line 14 of SORIVECTOREach iteration of the
main while loop (Figure 26, lines 3 to 22) corresponds to one passalong the right-directed list of lists
headedby V. This while loop terminates when the complete structure has been corverted into a single
down-directed listjthat is, whenV'right = NULL This leavesa single sertinel node at the top of the list
that is not assaiated with any vector. This sertinel is removedin lines 23to 28 of SORTVECTORSBo0ducing
a sorted, down-directed list like the onein Figure 28. The procedure DISPOSEOEVECTQRODEalled in
line 27 of SORIVECTOREkesa single VECTQRODIpointer argumert v. It deallocatesthe VECTORODE
pointed to by v and any other nodes connectedto v. Therefore, if one wishesto remove only the node
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SORIVECTORS
1 local variables
2 BEFORRE, A, B, AFTER, C: VECTQRODHointers
3 while V 6 NULLand V'right 6 NULL
4 BEFORE NULL
5 A \Y
6 \Y, NULL
7 repeat
8 if V6 NULL
9 BEFORE'right NULL
10 B A'right
11 A'right NULL
12 AFTEEB B'right
13 B'right NULL
14 C MERGEECTQROLUMNS(A,B)
15 if V= NULL
16 \Y C
17 else
18 BEFORE'right C
19 C'right AFTEBB
20 BEFORE C
21 A BEFORE'right
22 untii A = NULLor A'right = NULL
23 Final ly we delete the sentinel node pointed to by V.
24 if V6 NULL
25 A V'down
26 V'down  NULL
27 DISPOSEOEVECTQRODE(V)
28 \Y A

Figure 26: SORIVECTOR&gorithm.

27
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MERGEECTQROLUMNS(A : VECTQRODHointers)

1 local variables

2 a, b, C, c: VECTQRODmointers
3 a A'down

4 b B'down

5 C A

6 C'down NULL

7 c C

8 while a 6 NULLand b 6 NULL
9 if VL(b"right "vector,a "right "vector)
10 c"down b

11 b b"down

12 else

13 c"down a

14 a a"down

15 [ c"down

16 c"down NULL

17 if a = NULL

18 c"down b

19 else

20 c"down a

21 return C

Figure 27: MERGEECTQROLUMN#gorithm.

pointed to by v, both the downand right elds of v should be NULLbefore DISPOSEOFVECTQRODES
called.

The number of items to be sorted by SORIVECTORIS equal to M the number of entries below
the leading diagonal in Table 2. Each comparisoninvolvesa call to VLin line 9 of MERGEFECTOROLUMNS
which takes O(k) time. The worst-caserunning time of SORTVECTORS therefore O(kn? log,(n?)) =
O(kn?log, n). No extra spaceis usedin the process.In fact, the total amount of spacedusedis reducedby
n 1VECTQROD&becausesad sertinel node that headsa down-directed list in Figure 22is removed. The
total worst-casespaceusedby SIATECup to the completion of SORIVECTORBerefore remains O(kn?).

We now presert a formal proof that SORTVECTORgelds PYD). The data structure generated by
CONSTRUNECTQRABLHseeFigures 22 and 24) is essetially arepresenation of the set of ordered pairs
Z (D), de ned asfollows.

De nition 16 If D is a datasetthen
Z(D)=fhdy di;dii jdi;d22 D" dz > dig (33)
We now prove two lemmasconcerningZ (D).
Lemma 7 If D is a datasetand dy;d>;dsz;ds 2 D then
dy6dy_d; 6d3) hdy dy;dai 6 hdy dy;dyi (34)

Proof
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h1; 1i h1; 3i h2; 1i h2; 2i h2; 3i h3; 2i
D nin
v
[[] ho:1i 6 6 6 6 6
Egbdl
ho; 1i
2
ho; 2i
2
ho; 2i
2

&

;

;

H

h1; 0i

H

h1; 0i

H

h1; 1i

H

h1; 1i

H

hi; 2i

H

h2; i
2
h2; 1i

?_
I[N 14

Figure 28: The data structure headedby V at the conclusion of SORIVECTORI®r the dataset in Figure 23.
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dz 6 d4 ) hjl dz;dzi 6 |’d3 d4;d4i (35)
d16 d3’\d2= d4 ) d1 dz@ d3 d4
) I‘dl dz; dzl 6 hja d4; d4| (36)

Eq.35 and Eq.36 together imply that
dz 6 d4_ d1 6 d3) |’d1 dz;dzi 6 hj3 d4;d4i

Lemma 8 If D is a datasetof order n then

(n 1

iZ(@)= 55 (37)
Proof
De nition 16 and Lemma 7 together imply that jZ(D)j is equal to the number of elemerts in the set
fhdy;doi jdi;d2 2 D~ dy > dig (38)
which has the same cardinality as the set
ff d1;d2gjdi;d2 2 Dg (39)

The cardinalit y of the setin Eq.39 is equal to the number of distinct combinations possiblewhen 2 distinct objects
are drawn from a set of n distinct objects. This implies that
!

zZoj =
_ n!
T (n 22
_n(n 1)
= =

De nition 17 If D is a datasetand z is an ordered pair of the form he d;di wher e;d2 D then
F(z;Z(D)) = fyjy2 Z(D) " y[1] = z[1]g (40)

Figure 25 shows the completeset Z (D) for the datasetin Figure 23. Each row in this list corresponds
to an orderedpair z = hd, di;dii in Z(D). By sorting Z(D) sothat the vectorsare in increasingorder,
the list has e ectiv ely been partitioned into classesof adjacernt rows such that ead class contains all
the ordered pairs z for a particular vector. Each of these classesof ordered pairs corresponds to a set
F(z;Z(D)). For example,if we denotethe datasetin Figure 23 by D, then the rst classof ordered pairs
in the list in Figure 25 correspondsto the set

F (hio; i ; h2; 1ii ;Z(D4)) = fhho; 1i ; h2; 1ii ; hi; 1i ; h2; 2iig
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De nition 18 If D is a datasetthen

Z(D)=fF(z;Z(D))jz2 Z(D)g

31

(41)

The set Z(D) corresponds to the partition of Z(D) represenied by the sorted list that results after
SORIVECTORSas been executed (seeFigures 25 and 28). We now prove formally that Z(D) is indeed a

partition of Z(D).
Lemma 9 If D is a datasetthen Z(D) is a partition of Z(D).

Proof
To prove this lemma, we needto prove all three of the following:
z272(D)) (FjF22Z(D)"z2F)
F2z(D)"z2F) z2Z(D)
Fi;F2 2 Z(D)"F16 F2"2z22F1) z2F;
From De nition 17 we know that
z2 Z(D)" z[1]= z[1]) z 2 F(z;Z(D))
Clearly z[1] = z[1] therefore
z2Z(D)) z2F(z;Z(D))

From De nition 18 we know that
z2Z(D)) F(z;Z(D)) 2 Z(D)

Eq.45 and Eq.46 together prove Eq.42.
From De nition 18 we can deduce that

F22z(D)) 9yjF=F(;Z(D))"y2Zz(D)
Let y 2 Z(D) and let F = F(y;Z(D)). If
F=F(y;Z(D))*y22z(D)"z2F

then it follows that
z2 F(y;Z(D))~y2Z(D)
But from De nition 17 we know that if Eq.48 holds then z 2 Z (D) which provesEq.43.
From De nition 18 we know that
Fi122(D) ) 9z1jF1=F(z1;Z(D))" 212 Z(D)
F222Z(D) ) 9z22jF2=F(z2;Z(D)) " 222 Z(D)

Let z1;2, 2 Z(D) and let F1 = F(z1;Z(D)) and F, = F(z2;Z(D)). It follows from De nition 17 that

F16 F2 ) F(z1;Z(D)) 6 F(z2;Z(D))

) fyjy2z(D)"y[1]= z:[1lg6 y°iy°2 Z(D) " y1] = z2[1]

) (9Y°iyTl = z2[1]” Y118 zi[1]) _ (9yjy[l]= z[1]” y[1] & z2[1])
) 22[1]16 zi[1]

From De nition 17 it follows directly that
z2F1) z2Z(D)" z[1] = z1[1]

From Eq.51 and Eq.52 we deduce that
z2 F1) Zz[1]6 z2[1]

(42)
(43)
(44)

(45)

(46)

(47)

(48)

(49)
(50)

(61)

(52)
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which, taken with De nition 17, implies
z22F(z2;Z(D))) z2F;

thus proving Eq.44.

We now provethat the number of nodesin the down-directed list generatedby SORTVECTORS always
n(n 1)
—.

Lemma 10 If D is a datasetthen
X n(n 1)
FI= ———
F2Z(D)

(53)

Proof
From Lemma 9 we know that Z(D) is a partition of Z(D). Therefore

iFj=Jz(D)j
F2z(D)
But from Lemma 8 we know that ( 1
. . n(n
jz(D)j = —
therefore
X ._n(n 1)
JFj= -
F2z(D)

De nition 19 If F 2 Z(D) then
(F)=fyl2ljy2 Fg

Each boxed set of datapoints in the right-hand column of Figure 25 correspondsto (F(z;Z(D))) for
one of the classesF (z;Z(D)) 2 Z(D). (Recall that the sorted list in Figure 25 represers the partition
Z(D) for the datasetin Figure 23).

Lemma 11 If D is a datasetand z 2 Z(D) then
j (F(z;Z(D)))j = jF(z;Z2(D))j (54)

Proof

From De nition 17 it follows that if z1;z; 2 F(z;Z(D)) then zi[1] = zz[1]. This, in turn, implies that if
71,22 2 F(z;Z(D)) and z; 6 z, then z1[2] 6 z;[2]. This, together with De nition 19implies that j (F(z;Z(D)))j =
iF(z;Z(D))j-

We now prove that ead of the boxed sets of datapoints in Figure 25 is the maximal translatable
pattern for the vector assaiated with it.

Theorem 1 If D is a datasetand z 2 Z(D) then

(F(z;2(D))) = p(z[1]; D) (55)
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Proof
De nition 11 implies that
p(z[1;D) = fdjd2 D~ d+ z[1]2 Dg
De nition 19 implies that
(F(z;2(D))) = ty[2]jy 2 F(z,2(D))g

De nition 17 and Eq.57 imply that
(F(z;Z2(D))) fy[2ljy 2 fxjx 2 (D) " x[1] = z[1]gg

= fy[2ljy2 z(D) " y[1] = z[1]g

Eq.58 and De nition 16 imply
(F(z;z(D))) = fy[2]jy2fhd, di;diijdi;d22 D" dp> dig” y[l]= z[1]g
= fdljdl;dzzDAd2>d1AZ[l]: do dlg
= fdljdl;dzzD’\d2>d1’\d2= dy + z[1]g
It is clear that
d2>d1/\d2:d1+2[1]() Z[l]>0Ad2:d1+Z[l]
Eq.59 and Eqg.60 together imply

(F(z;Z(D))) = fdijdi;d2 2 DA 2[1]> 07 dp = dy + 2[1]g

De nition 16 implies that
z27Z(D)) z[1]> 0

Eq.61 and Eq.62 imply

(F(z;Z(D))) fdyjdi;d, 2 DA dp = di + 2[1]g

fdljd12 DAd + 2[1]2 Dg

Eq.56 and Eq.63 imply
(F(z;Z(D))) = p(z[1]; D)

De nition 20 If D is a datasetthen

(D)=1f (F(zz(D))jz2Z(D)g

33

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

If D, is the datasetin Figure 23then ( D) is the setthat only contains every boxed set of datapoints

in the right-hand column of Figure 25.

We now prove that ( D) = PYD) and therefore that the sorted list of nodes generated by

SORIWVECTOR®esindeed represer PYD).

Theorem 2 If D is a datasetthen
PYD)= ( D)

Proof
Theorem 1 and De nition 20 imply

( D)= fp(z[1;D)jz2 Z(D)g

(65)

(66)
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Eq.66 and De nition 16 imply

(D) = fp(z[1];D)jz2 fhdz di;dii jdi;d22 D~ dz > digg
= fp(dz di;D)jdi;d22 D~ d2> dig (67)

Eq.67 and De nition 14 imply
PYD) = ( D)

We now prove that the sum of the sizesof all the maximal translatable patterns in PYD) is lessthan
or equalto %

Theorem 3 If D is a datasetof cardinality n then

X .. n(n 1)
L (68)
p2Po(D)
Proof
Theorem 2 implies that X N X
pr= I (69)
pP2PO(D) 2(D)
Defs.18,19 and 20 imply
j( D)j jZ(D)j (70)
Lemma 11, Eq.70, De nition 18 and De nition 20 taken together imply
X o X o
1] JFi (71)
2( D) F2Z(D)
Eq.71 and Lemma 10 imply that
X nn 1
i (72)
2( D)
Eq.72 and Eq.69 imply
X .. n(n 1)
1P %
p2PO(D)

Theorem 3 follows from the fact that ( D) is derivedfrom Z (D) simply by partitioning Z (D). Theorem
3is critical for computing the worst-caserunning time of the procedurescalled in lines 7 to 13 of SIATEC

As explained above, the data structure generatedby SORIVECTOR&n be used directly to output
PYD). However, the purposeof SIATEQs to compute TYD) and this processcan be simplied by convert-
ing the data structure produced by SORTVECTOREigures 25 and 28) into a more explicit represenation
of PYD). This conversionis carried out using the procedure CONSTRUEATTERNIST de ned in Figure
29. CONSTRUE®RTTERNIST is called in line 7 of SIATEC Figure 30 shows the data structure that results
when CONSTRUEBATTERNIST is carried out on the data structure shown in Figure 28.

As can be seenin Figure 30, CONSTRU®ATTERNIST builds a down-directed list of PATTERNODE
The pattern eld of ead of thesenodesis madeto point to aright-directed list of VECTOROD&that indi-
rectly represerts one of the maximal translatable patterns in PYD). The function MAKENEWPATTERNODE
calledin line 7 of CONSTRU®ATTERNIST allocatesa new PATTERNODEsetting its size eld to 0 and
all its pointer elds to NULL
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WN -

CONSTRUEGARTTERNIST
variables

a PATTERNODHointer
V2, q : VECTQRODHointers

NULL
if V6 NULL

\%
MAKENEWPATTERNODE
P

while vi 6 NULL

p" pattern MAKENEVWECTQRODE
q p" pattern
g"down  vi"right "right
\Z v1"down
while v, 6 NULLand VE(v;"right "vector,v 1"right "vector)
g"right MAKENEWECTQRODE
q g"right
g'down  vp"right "right
V2 vz"down

Vi1 Vo

if vi 6 NULL
p"down MAKENEWATTERNODE
p p"down

Figure 29: CONSTRUEGRTTERNIST algorithm.

hi; 1i h1; 3i h2; 1i h2; 2i h2; 3i h3; 2i

nin

DUE DD

=[]
n['n]

35

Figure 30: The data structure that results after CONSTRUERTTERNIST has executed for the dataset in Figure

23.
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VECTORIZBATTERNS

1 local variables

2 p : a PATTERNODBointer

3 v, q: VECTQRODHointers

4 p P

5 while p 6 NULL

6 p"vec_seq MAKENEVWECTQRODE
7 v p"vec_seq

8 q p" pattern

9 while qg"right 6 NULL

10 v"right MAKENEWECTQRODE
11 \ v"right

12 v"vector VM({ right "downi vector,q "dowr vector)
13 q g"right

14 p p"down

Figure 31: VECTORIZBATTERN&gorithm.

CONSTRUERTTERNIST simply scansonce the down-directed list headedby V (seeFigure 28). For
ead node, if the vector is di erent from the last one a new PATTERNODES created and if the vector is
the sameas the last one a new VECTQORODESs addedto the pattern list for the current PATTERNODE
The worst-caserunning time of CONSTRU®RATTERNIST is proportional to the length of the list headed
by V which was shovn above to be M (Lemma 8). The running time is therefore O(kn?) becausefor
ead node in the list, the function VE(whoserunning time is O(k)) must be executed(Figure 29, line 14).
After execution of CONSTRUEATTERNIST the overall spacecomplexity of SIATECremains O(kn?).

6.5 Computing P°D)

An examination of Figure 30 reveals that the pattern fh1;1i;h2;1lig occurs twice|it is the maximal
translatable pattern for both the vector 0; 2i and the vector hl; 1i (seeFigure 25). It canalsobe seenthat
another pattern in the list is fhil; 3i i2; 3ig which is translationally equivalent to fh1; 1i ; h2; lig. Clearly,
all these patterns are members of the same TEC so we only needto compute the TEC of one of these
patterns. Therefore, as described on page 13, before computing TYD) we compute the partition P(D)
(de ned in Egs.26and 27) and then construct a set P°{D) that contains exactly one pattern from ead
E 2 P(D). This guaranteesthat there are no patterns in P°{D) that are translationally equivalent, thus
ensuring that the procedure COMPUTEECS(Figure 2, line 12) does no more work than necessary The
procedurescalled in lines 8 to 11 of SIATECconstruct such a set P°{D) from the list of patterns generated
by CONSTRUGRATTERNIST.

The rst stepin this processis carried out by the procedureVECTORIZBATTERN#hich is calledin line
8 of SIATECThis procedureis de ned in Figure 31. For eadh pattern p in the list headedby the global vari-
able P that results after the execution of CONSTRU®ATTERNIST (seeFigure 30), VECTORIZBATTERNS
computesan intervallic represeration of p which is storedin the vec_seq eld of the PATTERNODEepre-
serting p. Figure 32 shows the data structure that results when VECTORIZBATTERNSas been executed
on the data structure shown in Figure 30.

Each pattern is represerted in the data structure as a right-directed list headedby the pattern eld
of a PATTERNODEThis right-directed list actually represeris an ordered set of datapoints in which the
datapoints arein increasingorder. This ordering is a result of the way that SORTVECTORSperatesand the
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h1; 1i hi; 3i h2; 1i h2; 2i h2; 3i h3; 2i

D nfn

e e

i 11— To{n] WA, 713

o —F ] [ER[ TRl

=[]

ol —F o] [ER[ TRl

,,
EInof,[n 4 '
n

hi; 1i ho; 2i ,—
’) -
ﬁn n §Hi| [T ol [n T3 [T FH T TS n["n]
5
7 - EIE
hi;0i—Infn] [nfn["F]n]o]\ [n] FHn]'T 4 n

2
[nInInInJo[ In[FHn] [n]

2
[nInInfInJo[n[n[ FHn] [n]

Figure 32: The data structure that results after VECTORIZBPATTERNSas executed for the dataset in Figure 23.
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fact that the dataset list is sorted. The fact that ead pattern represenation is orderedin this way means
that two patterns will have an identical intervallic represenation ascomputed by VECTORIZBATTERNS
and only if they are translationally equivalent (see,for example,the second,fourth and sixth patterns in
the list shown in Figure 32).

We now formalize this conceptof \in tervallic represenation”.

De nition 21 An object is a vector sequence if and only if it is an ordered set of vectors. is a
k-dimensional vector sequence if and only if everyvector in  has cardinality k.

Let
pi = di1idi2;iiidip

be one of the patterns in the list of patterns generatedby CONSTRUEATTERNIST and let
i = 0L b2vet ijpi

be the ordered set of datapoints that results from sorting p; sothat the datapoints are in increasingorder.
The procedure VECTORIZBATTERNEkesead pattern p; and computesthe vector sequence

i 1
i = hije i (73)
j=1

The worst-caserunning time of VECTORIZBATTERNS linear in the sum of the cardinalities of all the
patterns p; which wasshown in Lemma 10 to be equal to

n(n 1)
2

For each datapoint but onein ead pattern, the vector subtraction in line 12 of VECTORIZBATTERNSust
be computed. Each of these vector subtractions takesO(k) time therefore the overall worst-caserunning
time of VECTORIZBATTERNS O(kn?). The overall spaceusedremains O(kn?).

If the PATTERNOD&headedby P are sorted by their vec_seq elds then all the patterns with a given
intervallic represenation will be adjacert to eat-other in the list and we will e ectiv ely have computed
the partition P(D).

Clearly, if two patterns have di erent cardinalities then they are not translationally equivalent. We
can therefore make this sorting processmore e cien t by rst computing the cardinality of eac pattern
and storing this integer in the size eld of the PATTERNODEHor the pattern. This is more e cien t than
computing the pattern cardinalities \on the y" during the sorting processitself. Using the latter strategy,
ead time a pair of patterns is compared one must compute the cardinalities of both patterns. If there
are m patterns, then using merge sort this would involve O(m log, m) pattern-cardinalit y computations
whereasif we simply compute the cardinalities of the patterns in advance,only O(m) pattern-cardinalit y
computations are necessary

This
one-time computation of pattern cardinalities is carried out by the procedure COMPUTHFATTERBSIZES
which is de ned in Figure 33. The worst-caserunning time for COMPUTRATTERBSIZES s proportional
to the sum of the cardinalities of the patterns in the list headedby P. From Lemma 10 we can deduce
that this running time is therefore O(n?). This running time is independert of the dimensionality of the
dataset sincewe are simply courting the number of datapoints in ead pattern.

Figure 34 shows the data structure that results after COMPUTRATTERBSIZES has been executed for
the dataset in Figure 23. The only di erence between Figure 34 and Figure 32 is that ead pattern's
cardinality has beencomputed and stored in the size eld of the pattern's PATTERNODE
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COMPUIHATTERBIZES
local variables
p : a PATTERNODBointer
g : a VECTQRODHointer

W NP

p P
while p 6 NULL
q p" pattern
p"size 0
while g 6 NULL
p"size p'size + 1
q q"right
p p"down

P P2 O00~NO U~

= O

Figure 33: COMPUTFATTERSIZESalgorithm.
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Figure 34: The data structure that results after COMPUTEATTERBSIZES has executed for the dataset in Figure
23
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SORIPATTERNECTQREQUENCES

1 local variables

2 ABOVR, A, B, BELOW, C: PATTERNODHointers
3 while P 6 NULLand P'down6 NULL
4 ABOVRA NULL

5 A P

6 P NULL

7 repeat

8 if P 6 NULL

9 ABOVR'down NULL

10 B A'down

11 A'down NULL

12 BELOMB B'down

13 B'down NULL

14 C MERGEATTERROWS(A,B)
15 if P = NULL

16 P C

17 else

18 ABOVR'down C

19 C'down BELOWB

20 ABOVERA C

21 A ABOVR'down

22 untii A = NULLor A'down = NULL

Figure 35: SORTPATTERNECTQREQUENCEIgorithm.

The partition P(D) can now be computed e ciently by simply sorting the down-directed list
of PATTERNODE headed by P. This is done using the procedure SORIPATTERNECTOREQUENCES
(Figure 35), an implementation of merge sort that cornverts the unsorted down-directed list headed
by P into a sorted right-directed list. SORIPATTERNECTQREQUENCE®Rorks in essetially the
same way as SORIDATASETFigure 12). The function MERGEATTERROWRSalled in line 14 of
SORIPATTERNECTQBEQUENCHE®rgestwo sorted right-directed lists into a single list using the com-
parison function PVSL MERGEATTERROWI de ned in Figure 36 and PVSLis de ned in Figure 37.

We now formalize the concept of vector sequence inequality that is used in
SORIPATTERNECTOBEQUENCES

Denition 22 If ; and , are two vector sequen@sthen
1< 2
if and only if one of the following conditions is satis ed:
Loja<ijoal
2.j1j=] 2jand 4[1]< 2[1];

3. ) 1j =] 2j and there exists an integerj suchthatj > 1and i[j]< 2[j]and i[i]= »[i] for all i
suchthat 1 i< j.
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MERGEATTERROWS(AB : PATTERNODEHointers)

1 local variables

2 a, b, C, ¢ : PATTERNODHointers
3 a A

4 b B

5 if PVSL(b,a)

6 C a

7 a a"right

8 else

9 C b

10 b b" right

11 C'right NULL

12 c C

13 while a 6 NULLand b 6 NULL
14 if PVSL(b,a)

15 c"right a
16 a a"right
17 else

18 c"right b
19 b b"right
20 c c"right

21 c"right NULL
22 if a = NULL

23 c"right b

24 else

25 c"right a

26 return C

Figure 36: MERGEATTERROWS&Igorithm.

PVSL(n, p, : PATTERNODHointers)
if p,"size < p,"size
return TRUE
if p,"size > p,"size
return FALSE
return VECLIST_LESSTHAN(p" vec_seq'"right,

GO WNPE

Figure 37: PVSLalgorithm.

p," vec_seq"right)

41
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VECLIST_LESSTHAN(p, p, : VECTQRODBointers)
if p, = NULLand p, = NULL
return FALSE
if VL(p,"vector, p,"vector)
return TRUE
if VL(p,"vector, p,"vector)
return FALSE
return VECLIST_LESSTHAN(p"right,  p,"right)

~NoO b wWNBRE

Figure 38: VECLIST_LESSTHANlgorithm.

The function PVSLimplements the binary relation '<' asthis appliesto vector sequencesccording to
De nition 22.

If the ordering of the two patterns to be comparedcannot be determined from their cardinalities (lines
1{4 of PVSI) then the recursive function VECLIST_LESSTHANS called. This function is de ned in Figure
38. VECLIST_LESSTHANe ectiv ely implements the secondand third conditions in De nition 22.

The e ect of SORIPATTERNECTQBEQUENCIES0 produce a right-directed list of PATTERNODEIN
which the patterns are sorted so that their assaiated vector sequencesare in non-increasing order. The
larger patterns therefore end up nearer the head of the list.

We now demonstrate that the worst-case running time of SORIPATTERNECTOBEQUENCEHS
O(kn?log, n) wherek and n are asde ned on pages9 and 9 respectively.

SORIPATTERNECTOREQUENCES$ctiv ely usesmergesort to sort an orderedset of vector sequences.
Let us denote by B the ordered set of vector sequencego be sorted and let us assumefor cornvenience
(and with no lossof generality) that

jBj=m= 2% (74)
where x is an integer greater than zero. We de ne

Bo

hho;li;h o;zi;:::h o;mii

MR [iii (75)

i=1

After one iteration of the outer while loop (lines 3{22) of SORTPATTERNECTORBEQUENCHE® have
e ectiv ely converted By into the ordered set

Bi=hhqa; 12ih 43 zaiiith om 1 amii (76)

whereead orderedpair h 1.i; 1+1 1 in B is the result of merging the two orderedsetsh i and h g4+1 i
in By sothat

1;i 1;i+1
By the end of the seconditeration of the outer while loop of SORTPATTERNECTOREQUENCHS; has
beenconverted into the ordered set
By =M 21; 227 2.3 24i:h 25 260 27; 280N 2m 30 2m 20 2m 1) 2mil (77)

Where ead ordered set of vector sequences

hoois 25417 25425 243l
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in B, is the result of merging the two ordered setsh 1; 1i+11 andh 1;+2; 1i+31 in By sothat
2;i 2;i+1 2;i+2 2;i+3
This processcortinuesuntil, after the xth iteration, we have computed the ordered set
Bx = Blog,m = hhx1; x2iiit xm i (78)

wherethe singleelemen of By is the orderedsetthat resultsfrom sorting B sothat all the vector sequences
are in non-increasingorder accordingto De nition 22.
To derive B; from B we haveto rst mergeh o.1i with h o.2i to geth 1.1; 1.2i. Then we mergeh g.si
with h o.4i to geth 1.3; 1.41 and soon until we have mergedh o.,, 11 with h o.ni to geth 1. 1; 1mi.
Each of these mergesinvolvescomparing two vector sequencesand determining which of the two is
the lesseraccordingto De nition 22. The total time takento derive B; from By is therefore

5(=2
t(h 0.2 11 ;h o)
i=1
wheret(C;; G,) is the time taken to mergethe two (sorted) ordered sets of vector sequence<; and C,.
To derive B, from B we rst haveto mergethe two orderedsetsh 1.1; 1.2i and h 1.3; 1.4i. Then we
mergethe setsh 1.5; 1.6i and h 1.7; 1.gi and soon until we have mergedthe setsh 1.m 3; 1.m 2i and
h1m 1; 1mi. The time takento derive B, from B; is therefore

5(:4

t(h 14 30 vai 2150 140 15 14i0)
i=1

Similarly, the time takento derive B3 from B is
5(:8

t(h 28 7, 2.8 6:::0 2580 4l h 2 3; 2.8 2;:00 28ii)
i=1

and, in general,the time takento derive B; from B; 1 is
%2

t( 20 24lyess jo120 2001 5 ) L2020 141,..- 1,210 ) (79)
i=1

This implies that the total time takento derive By from Bg, which we denote by T3, is given by

0 , 1
X w2
Ti1= @t o oawsii g ow2i o2t o122 i o2 A (80)

Now let's assumethat we have two sorted ordered sets of vector sequences,
A = hyq; oyl
B = hyw; yeoiiit oy

that we wish to merge into a single sorted ordered set, C. We begin by comparing 1 with .+ and
appending the greater of the twoto C. Then if, say, 1> y+1 wecompare » with .1 and append the
greater of the two to C. This continuesuntil either all the elemeris of A or all the elemens of B have
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beenappendedto C at which point all the remaining unmerged elemens are appendedto C in a single
step to give the desiredresult. As can be seen,this processinvolvescarrying out a seriesof comparisons
in which an elemen of A is comparedwith an elemert of B to determine which of the two is the greater.
Each of these comparisonsresults in a new elemert being appendedto C. In the worst case,the number
of comparisonsto be carried out is jAj+ jBj 1.1t is clear from De nition 22that the worst-caserunning
time for comparing two k-dimensional vector sequences, ; and », is ckj minj Wherec is a constart and

min IS the lesserof ; and ,. For each elemert ; in A or B, we know that ; is the greater vector
sequencean at most one comparisonbecausef ; is the greater sequencen a comparisonit is immediately
appendedto C and is not comparedwith any other member of A or B after that. We therefore know that
the time taken to carry out the comparisonthat results in ; being appendedto C is lessthan or equal
to ckj j. All this implies that

XY
t(A;B) < ckj i] (81)
i=1
Egs.80and 81 together imply that
o , 1
x w2 R
Ty < @ ckj | 1rjA (82)
j=1 i=1 r=21i 2i+1

We now wish to show that in Eq.82the greatestvalue of r for a givenvalue of i is one lessthan the least
valueof r fori + 1. That is ' ' '
23(i+1) 2+1=2i+1

This can be shown straightforwardly as follows:

23i+1) 2+1

2(+1 1)+1
2i+1 (83)

We also know that the least value of r for the least value of i for a givenvalue of j in Eq.82is
2 2+1=1 (84)
and the greatestvalue of r for the greatestvalue of i for a givenvalue of | is
2 m=2=m (85)
Egs.82,83, 84 and 85 taken together imply
xox _
Ty < ckj j ] (86)
j=1r=1

But from Lemma 10 we know that the sum of the cardinalities of all the patterns in the list of patterns
generated by CONSTRUEATTERNIST is n(n  1)=2 and we know that the cardinality of the vector
sequencecomputed by VECTORIZBATTERN®r a given pattern is one lessthan the cardinality of the
pattern. Therefore

X . _ckn(n 1
ki j apj< SN0 1)
r=1
and therefore (from EQ.86)
X
Ty < ckn(n 1) (88)

o 2
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We know from Eq.74 that x = log, m therefore

%= ™ ckn(n 1)
=1 2
ckn(n 1)
2
From Lemma 10 we know that the number of vector sequencegwhich is equal to the number of patterns

generatedby CONSTRU®RTTERNIST) is certainly lessthan or equalto n(n  1)=2 which is lessthan
n?. Therefore

T, <

) T1 log, m (89)

ckn(n 1
T % log,(n?)
) T1 < ckn(n 1)log,n (90)

which implies that Ti, the worst-case running time of SORIPATTERNECTQREQUENCHSr a k-
dimensional dataset of size n, is O(kn?log, n). The spaceused by SIATECup to the completion of
SORIPATTERNECTQREQUENCEHS O(kn?). Figure 39 shows the data structure that results after
SORIPATTERNECTQBEQUENCHSs been executed for the dataset in Figure 23. The data structure
that results after execution of SORTPATTERNECTQREQUENCEspresens P(D).

Having generatedthe partition P(D) by sorting the pattern vector sequencesve can now compute
a set P°{D) which contains exactly one pattern from ead elemen of P(D). This computation is car-
ried out by the procedure SETIFYPATTERNECTQREQUENCIHS® ned in Figure 40 which employs a
strategy that is essetially identical to that used in the procedure SETIFYDATASETsee Figure 16).
SETIFYPATTERNECTOREQUENCESnply scansthe sorted right-directed list of PATTERNOD& gen-
erated by SORTPATTERNECTOREQUENCH!Ieting eadh node whosevector sequencgvec _seq eld) is
equalto that of the previous node. The function PVSHEFigure 40, line 5) takestwo PATTERNODpBointer
variables and returns TRUE if and only if the vector sequencestored in the vec_seq elds of the nodes
pointed to by the argument pointers are equal. If the vector sequencestored in the vec_seq eld of a
PATTERNODB is the sameasthe one stored in the vec_seq eld of the previous node then p is deleted
using the function DISPOSEOEPATTERNODEalled in line 10 of SETIFYPATTERNECTOREQUENCES
DISPOSEOEPATTERNODEecursively disposesof all the other nodes attached to the node pointed to
by its argumernt which is why the right eld of the node to be deleted is set to NULLin line 9 of
SETIFYPATTERNECTQRBEQUENCES

In SETIFYPATTERNECTOBEQUENCESM pattern vector sequencds comparedwith the preceding
one and deletedif it is the same.This meansthat ead pattern in the list (exceptthe rst) is compared
with exactly one other pattern. If we denote the number of patterns by m then the running time of
SETIFYPATTERMECTQREQUENCESherefore

Ta< t( ) (91)

wheret( ;) is the time taken to determine if ; is equal to the previous pattern vector sequencein the
list.

If 1 and , aretwo k-dimensional vector sequenceghen the time taken to determineif ;= 5 is
ckj minj where nin is the lesserof the two vector sequenceseing compared and c is a constart. The
worst caseoccurswhen 31 = » in which casethe time takenis ckj jj.

Therefore, in the worst case,t( ;) = ckj jj which, substituting into Eq.91, gives

X
T2 < CkJ ij
i=1
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Figure 39: The data structure that results after SORIPATTERNECTQBEQUENCESs executed for the dataset in
Figure 23.

SETIFYPATTERNECTQREQUENCES

1 local variables

2 p;.p, : PATTERNODEBointers

3 p, P

4 while p, 6 NULLand p,"right 6 NULL
5 if PVSE(R"right,p ;)

6 Delete p, "right.

7 P2 p, "right

8 p, " right p,"right

9 p," right NULL

10 [ DISPOSEOEPATTERNODE(p)
11 else

12 Py p,"right

Figure 40: SETIFYPATTERNECTQREQUENCAEIHgorithm.
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hi; 1i hi; 3i h2; 1i h2; 2i h2; 3i h3; 2i

D n|n

P
h1; 1i  ho;2i @ ,—
ﬁnlﬂ n[ ] I [ [ FH T FAr T F——H{n["n]

_'|_|
—— —
44uw+———;ﬂ£;

m; 0 —FTn]n] [ HETIEI]
—+ H ?4—4;£
o; 1i—F T ] [T HETT2IT, ] = T3]

?
[n[ofn I afn[n [ FHn ] ]n]

Figure 41: The data structure that results after SETIFYPATTERNECTQRBEQUENCHESs executed for the dataset
in Figure 23.

But from Lemma 10 we know that
.. n(n 1)
Jil< 5
i=1
therefore ( )
n(n
T, < ckT
which implies that the worst-caserunning time of SETIFYPATTERNECTOQREQUENCESO(kn?).
The total spaceusedby SIATEQup to the completion of SETIFYPATTERNECTORBEQUENCE®(kn?).
Figure 41 shows the data structure that results after SETIFYPATTERNECTQREQUENCIESS been

executedfor the datasetin Figure 23.

6.6 Computing TYD)

Having computed P%{D), TYD) can now be found by computing the TEC of ead pattern in P°{D)
in accordancewith EQq.28. Recall that the TEC of a pattern p is represerntied in SIATECas an ordered
pair hp;V(p;D)i (see page 16 and Eq.30). The computation of Tq{D) therefore consists of comput-
ing V(p;D) for eath of the patterns in the right-directed list headed by the global variable P after
SETIFYPATTERNECTOBEQUENCHESs beenexecuted(seeFigure 41).

Recall that we denote by = hyq; 2;::: ni the ordered set that results from sorting the dataset
D = fd;;dy;:::d,g sothat all the datapoints are in increasingorder. Recall also that COMPUTEECTORS
(called in line 4 of SIATEQ computesa link ed-list represeriation of Table 2.

The ith column in Table 2 contains all and only those vectorsthat map ; onto datapoints in D. We
de ne that for a datapoint d in a dataset D,

V(d;D) = fvjv+ d2 Dg (92)

Sowe can sa that the ith column of Table 2 contains all and only those vectorsin V( ;D).

Clearly, a pattern p that is a subsetof a dataset D can be translated by a vector v to give another
pattern in D if and only if every datapoint in p is mapped by v onto another datapoint in D. Therefore,
from Eqgs.92and 30, \
V(p;D) = V(d;D) (93)

d2p
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In other words, V (p; D) is the set that only contains every vector which is an elemen of V(d;D) for all
the datapoints d in p. Thus, if
P= i iay dsrei gy
thenv 2 V(p;D) if and only if v appearsin the i;th column of Table 2 and the i,th column and the isth
column and. .. and the ijpth column.
Let's denote by v;; the vector in the ith column and the jth row of Table 2 and let's say that we are
trying to nd V(p;D) where

Tis 20 djpj
is the orderedset of datapoints that results when p is sorted sothat the datapoints are in increasingorder.
Let usdenote by A a setwhich will be usedto store the vectorsin V (p; D) asthey are computed. A is
initialized to ; but by the end of the computation it will be equalto V(p;D). We rst determine if v;, .1
is a member of V( i,; D) by scanningdown the i>th columnin Table 2 until we nd a vector v;,; that is
either greater than or equalto vi,.1. We now initialize a pointer|let's call it tj,Jand setit to point to
vi,;j . Recallthat in Table 2 the vectorsincreaseas one descendsa column and decreaseas one scansa row
from left to right. Let's assumethat v;,; > vi,;1 which implies that there is no vector in the i>th column
that is equalto vi,.1 sowe can proceedto cheding vj,.2. Now we wish to determine if v, . is in the i,th
column. v;, ;> is greater than v;,;; and we know that there is no vector above v;,; that is greater than
vi,;1. Therefore, our seart for an occurrenceof v;,.» in the ixth column can begin with vi,; , the vector
currently pointed to by t;,. Let's assumethat vi,;» = vi,;; . We now have to determine if v;,.» occursin
the isth column sowe scandown this column until we arrive at a vector|let's denoteit by v, «[that is
either equalto or greater than v;,... We set a pointer t;, to point to vi,.x. If vi,.x = Vvi,.2 then wegoon to
ched for an occurrenceof v, > in the isth column, tagging the rst vector in this column greater than or
equalto vi,.» with a pointer t;,, and soon until one of the following three events occurs:

1. the rst vector greater than or equalto vi,.» in the ijth column is greater than v, .»;
2. we nd an occurrenceof v;, > in the ij,;th column;
3. weread the bottom of the ijth column without nding a vector equalto or greater than v, ..

In the rst case,weknow that vi,.» 2V ( ;,; D) and thereforethat v;,.» 2 V(p;D) sowe repeat the process
with vi, .3, starting our seard for vi, 3 in the i>th column with the vector pointed to by t;,, starting our
seard in the isth column with the vector pointed to by t;, and soon.

In the secondcasewe have shown that v;,.» 2 V(p;D) soA becomesequalto A[ fv;,.»g and we proceed
to examining vi, .3, again starting our seardesin the i,th, isth,. ..columnswith the vectors pointed to by
ti,, tiy, ... respectively.

In the third casewe have shown not only that vi,.» 2 V(p;D) but alsothat no vectorsbelow vi, ., in
the i;th column are in V(p;D) becauseany such vector would be greater than the vector at the bottom
of the ijth column. We can therefore stop the processand return the set A which is equalto V(p;D).

This processof computing V(p;D) is repeated for each pattern in the list pointed to by P after the
execution of SETIFYPATTERNECTOQREQUENCES

The foregoing procedureis implemented in the algorithm COMPUTIEECSwhich is shown in Figure 42.

On ead iteration of the outer while loop in COMPUTEECS(Figure 42, lines 7{47) the vector set
V(p;D) is computed for one pattern in P°{D). The pointer p is usedto accesshe PATTERNODBf the
pattern p being processedon a given iteration.

The pointers tj, :::t;,, areimplemented using a right-directed linked list of VECTOROD&headedby
T. The down eld of the Ith node in this list implemernts t;, [that s, it points to the VECTQRODEN the
down-directed list headedby | "downwhosevector is the oneto be pointed to by t;, (seeFigure 20).

The outer while loop in lines 7 to 47 of SIATEGs divided into two main parts. In lines 8{23, the linked
list headedby T (implementing the pointers t;, ;ti,;:::t; ) for the previous pattern is rst deallocated
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COMPUTEECS
1 local variables
2 p : a PATTERNODBointer
3 q, T, t, v : VECTQRODHRointers
4 FINISHED, VECTQEQUAL Booleans

5 p P

6 T = NULL

7 while p 6 NULL

8 q p" pattern

9 if T 6 NULL

10 t =T

11 while t 6 NULL

12 t"down NULL

13 t t"right

14 T DISPOSEOEVECTQRODE(T)
15 T MAKENEWECTQRODE

16 t T

17 t"down g"dowri down

18 q q"right

19 while q 6 NULL

20 t "right MAKENEWECTQRODE
21 t t "right

22 t"down  g"dowridown

23 q g"right

24 FINISHED  FALSE

25 while not FINISHED

26 t T'right

27 VECTQEQUAL TRUE

28 while t 6 NULLand VECTQEQUAL
29 while t"down & NULLand VL(t"dowrivector, T "dowr vect or)
30 t"down  t"dowridown
31 if t"down= NULLor VL(T'down vector,t "dowr vector )
32 VECTQEQUAL FALSE
33 if t"down= NULL

34 FINISHED TRUE

35 t t"right

36 if VECTQEQUAL

37 if p"vectors = NULL

38 p"vectors MAKENEVWECTQRODE
39 Y p"vectors

40 else

41 v"right MAKENEWECTQRODE
42 Y V" right

43 V" vector T'down vector

44 T'down  T'dowridown

45 if T'down= NULL

46 FINISHED TRUE

47 p p"right

Figure 42: COMPUTEECSalgorithm.
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(lines 8{14) and then a new list is initialized for the current pattern begin processed(lines 15{23). To
start with, ead pointer t;, is setto point to v;, :1.

The secondmain part of the outer while loop is concernedwith actually computing and storing
V(p; D) for the pattern stored in the PATTERNODIointed to by p. In line 26, the pointer t is rst made
to point to the node in the list headedby T that implemerts t;,. t"downnow points to ,,,. In lines
29{30, the pointer t"downsteps down the list headedby  "down(that is, the implemertation of the
ioth column in Table 2) until one of the following two events occurs:

1. avector is found which is not lessthan T'dowr vector (the implementation of t;,);

2. t"downbecomesNULIthat is, it getsto the bottom of the list without nding a vector that is not
lessthan T'dowr vector .

In lines 31{32, the boolean variable VECTQEQUAMhich was initalized to TRUEN line 24 is made equal
to FALSHf we fail to nd a vectorin the i th column that is equalto T"dowri vector (the vector pointed
to by t;,). In lines 33{34, the boolean variable FINISHEDis set to TRUEf t"downbecomesNULL The
while loop in lines 28{35 iterates until one of the three terminating conditions listed above (seepage48)
is satis ed.

Lines 36{43 of COMPUTEECS:orrespondsto the vector pointed to by t;, becomingincluded in the set
A in the event of this vector beinga member of V(p; D). By the time line 46is reached, the setV (p;D) has
beencomputed for another pattern and stored in the vectors eld of the PATTERNODEHor that pattern.

The worst-casetime taken to compute V(p;D) for a single pattern using the above procedure is
O(jpj kn). This is becauseead column in Table 2 contains n, k-dimensional vectors and, in the worst
case,for each datapoint ;, 2 we haveto scandown thg whole of the i;th column in Table 2. The total
worst-caserunning time of COMPUTHEECSs therefore O( poyp) JPi kn). But we know from Theorem 3

p2
that
X .. n(n 1)
L
p2PoD)
and that therefore
X .. n(n 1)
P
p2P%(D)
sinceP{D) PYD). Therefore
X
ipikn  kn 7”(”2 b
p2P (D)

which implies that the worst-caserunning time of COMPUTEECSs O(kn?3).

Figure 43 shows the data structure that results after COMPUTHEECShas been executedfor the dataset
in Figure 23. Note that ead set V (p;D) is stored as a right-directed linked list headedby the vectors
eld of the PATTERNODGHor p.

It is straightforward to show that O(kn3) is a looseupper bound on the spaceoccupied by the data
structure generatedby COMPUTEECSHowever, we believe that a signi cantly better tight upper bound
exists even though as yet we have not succeededin nding one. Our belief stems from the fact that
so far we have not beenable to dream up a dataset that would causethe data structure generatedby
COMPUTHEECS0 occupy more than O(kn?) space.

The looseupper bound of O(kn?) can be derived asfollows. We rst needto provethe following lemma.

Lemma 12 If D is a datasetand p is a pattern suchthat p D andjDj= n and V(p;D) is as de ned
in Eq.30 then
jpi+jV(p;D)j n+1
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Figure 43: The data structure that results after COMPUTEECShas executed for the dataset in Figure 23.
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Proof

Let =1, 2;::: ni e the ordered set that results from sorting the datapoints in D into increasing order
andlet = ;5 i,;:11 i, bethe orderedsetthat results from sorting the datapoints in p into increasing order.

If v2 V(p;D) and we translate p by v then the datapoint ;, will be mapped onto ;, + vand i, + v 2
becausev 2 V (p; D). Therefore there exists a datapoint ¢ 2 suchthat ¢ = i, + V.

Moreover, we know that i, + v2 andthat i, + v> | because j, > i,. Similarly, we know that all the
points

i F VotV

Jpj+v

are elemerts of  greater than . Therefore there must be at leastjpj 1 datapoints in  that are greater than
k. Therefore

n k jp 1) n+1 jpi Kk
There are therefore at most n  jpj+ 1 distinct points in D onto which i, could be mapped by a vector in V(p;D).
Therefore jV(p;D)j n jpj+ 1 which implies that jpj + jV(p;D)j n+ 1.

Clearly, the spaceoccupied by the data structure generatedby COMPUTEECSs
0 1
X . . . .
0@ k (ipi + jV (p;D))A (94)
p2P (D)

(seeFigure 43). Lemma 12 tells usthat jpj + jV(p;D)j] n+ 1 therefore the spacecomplexity is at most
0 1

X
0@ k(n+ 1A = O(knjP%D)j) (95)
p2P YD)

Recall that P°{D) is derived from PYD) by picking just one pattern from ead subclassin a partition of
PYD). Therefore the cardinality of P°{D) is lessthan or equalto that of P{D) and from Theorem 3 we

know that
nin 1)

2
ThereforejP%{D)j < n? which, substituting into Eq.95, givesan upper bound on the spaceusedof O(kn?®).

iPAD);j

6.7 Outputting the results

The nal stepin SIATECis to output the set of TECs TYD) computed by COMPUTEECS This task is
carried out by the procedure OUTPUTECScalled in line 13 of SIATECand de ned Figure 44. Figure 45
shows the output produced by OUTPUTECSor the dataset shown in Figure 23.

Each line in the output represerts a TEC as an ordered pair hp;V (p;D)i with the pattern p printed
beforethe colon and the vector setV (p; D) printed after the colon.

The worst-caserunning time of OUTPUTECSs clearly the sameas the worst-casespacecomplexity of
the data structure produced by COMPUTEEC@hat s, it hasa looseupper bound of O(kn?).

7 SIA

As described above, SIATECcan be usedto compute e cien tly the complete set of MTP TECs, T(D),
for a dataset D. (SIATECactually computes T(D) but from Lemma 6 (p.12) we know that T(D) =
TYAD) [ ff Dgg) However, for someapplications it may be su cien t to know the maximal translatable
pattern p(v; D) for eacth vectorin V(D) (seeEq.32, p.21). We know from Lemma 2 (p.9) that the maximal
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OUTPUTECS
1 local variables
2 p : a PATTERNODBointer
3 q, v : VECTQRODHointers
4 p P
5 while p 6 NULL
6 q p" pattern
7 while q 6 NULL
8 PRINTVECTOR{glowr vector)
9 PRINT( ")
10 q g"right
11 PRINT(: )
12 Y p"vectors
13 while v 6 NULL
14 PRINTVECTOR(wector)
15 PRINT( ")
16 v v"right
17 PRINTNEW.INE
18 p p"right

Figure 44: OUTPUTECSalgorithm.

<1,1> <1,3> <2,2> : <0,0> <1,0>

<1,1> <2,1> : <0,0> <0,2> <1,1>

<2,1> <2,2> : <0,0> <0,1>

<1,1> : <0,0> <0,2> <1,0> <1,1> <1,2> <2,1>

Figure 45: The output produced by OUTPUTECSor the dataset shown in Figure 23.

53
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SIA(FN : dataset file-name, SD: bit-vector indicating selected dimensions)
READATASET(FN,SD)
SORIDATASET
SETIFYDATASET
SIA.COMPUNECTORS
SIA_SORIVECTORS
OUTPUYECTQRATTERRAIRS

~NoO A~ WDNPRE

Figure 46: SIA algorithm.

translatable pattern for v can be found by translating the maximal translatable pattern for v by the
vector v itself. We also know from Eq.15 (p.11) that the maximal translatable pattern for the zerovector
is the complete dataset. Therefore we do not actually haveto compute p(v; D) explicitly for every vector
in V(D). It is sucient to compute p(v;D) for every vector in the set

VYD) = fdy dpjdi;d22 D" dy > dog
(seeEq.31, p.21). That is, it is su cien t to compute
fp(v;D)jv 2 VYD)g

fp(v;D)jv2fd; dzjdi;d22 D" dy > dogg
fp(dl dg;D)jdl;dzz D~ d1> dzg
PYD) (from De nition 14, p.10)

Lines 1 to 7 of SIATECcompute PYD). However, for reasonsdiscussedabove (see p.21) the pro-
cedure COMPUTNECTOREalled in line 4 of SIATECcomputes V(D) whereasif our nal goal is only
to compute PYD) then we only have to compute the much smaller set V(D). Also, the procedures
CONSTRUVECTQRABLEand CONSTRU®ARTTERNIST, called in lines 5 and 7 of SIATECrespectively,
are not necessaryif one'sgoal is only to compute P(D) and not TYD).

In this sectionwe therefore presert SIA, an algorithm that e cien tly computesP YD) for a datasetD.
Strictly speaking, SIA computesthe set of ordered pairs

S(D) = fhv;p(v;D)i jv 2 VYD)g (96)

For a k-dimensional dataset of sizen, the worst-caserunning time of SIA is O(kn? log, n) and the worst-
casespacecomplexity is O(kn?).

Figure 46 shows the SIA algorithm. Like SIATEC SIA useslink ed-list data structures constructed from
NUMBEROD&and VECTQROD£as de ned in Figure 3 (seep.14). PATTERNODE&are not usedin SIA.
SIA usestwo global variables:

1. a VECTQRODHointer called Dwhich is used (as in SIATEQ to headthe list of VECTOROD&that
storesthe dataset;

2. a VECTQROD#ointer called V which is usedto accesghe linked list structure usedto store VD).

The two argumens to SIA, FNand SO are as for SIATEC(see p.9). The procedures READATASET
SORDATASE®Nd SETIFYDATASETalled in the rst three lines of SIA are identical to those called
in lines 1 to 3 of SIATEC(seesection 6.2).

The procedure COMPUNECTORSalled in line 4 of SIATECand de ned in Figure 18 on page 22, is
replacedin SIA with the procedure SIA_.COMPUNECTORShich is de ned in Figure 47.

Figure 48 shows the data structure that results after SIA.COMPUNECTORSs executedwhen SIA is
carried out on the dataset shown in Figure 23 on page25. The resulting data structure is a represenation
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SIA.COMPUTECTORS

1 local variables

2 di,d2,p,v : VECTQRODHointers

3 \% NULL

4 if D6 NULLand D'right 6 NULL

5 dx D

6 dz dl"right

7 \% MAKENEWECTQRODE

8 v \%

9 repeat

10 p v

11 repeat

12 p"down MAKENEWECTQRODE
13 p p"down

14 p"right di

15 p" vector VM(c¢"vector,d 1"vector)
16 dz dz"fight

17 until  d2 = NULL

18 d1 dl"right

19 if di"right 6 NULL

20 v"right MAKENEWECTQRODE
21 v v"right

22 d> d1"right

23 until  di"right = NULL

Figure 47: SIA.COMPUTNECTOR&gorithm.
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SN 6
ho; 1i—T, [ H nt:
h1; 0i—Tn [

Figure 48: The data structure that results after SIA.COMPUTEECTOR®as executed when SIA is carried out on
the dataset shown in Figure 23 on page 25.

of the vector table shown in Figure 24 on page 25. The data structure headedby V after execution of
SIA_COMPUTECTOREerefore represerts the samevector table as the data structure headedby V after
CONSTRUNECTQRABLEFigure 21, p.24) has executedin line 5 of SIATEC However, in SIA this vector
table is represeried more directly (compare Figure 22 (p.24) with Figure 48.)

For a k-dimensional dataset of size n, line 15 of SIA.COMPUTECTORS®Xxecutes % times
as compared to the n? times that line 15 of COMPUNECTORS®xecutes in SIATEC For a given
dataset, SIA.COMPUNECTOR#®erefore makes less than half the number of computations made by
COMPUTNECTORS he worst-caserunning time of SIA.COMPUTECTOR®S therefore O(kn?) and the
worst-casespacecomplexity is also, clearly, O(kn?).

The procedure SORIVECTOREigure 26, p.27) called in line 6 of SIATECis replacedin SIA with the
procedureSIA_SORIVECTOR#hich is de ned in Figure 49. The only di erence betweenSIA_ SORTVECTORS
and SORIVECTORE that in line 14 of SIA.SORIVECTOR®e function SIA.MERGFECTOROLUMNS
called, whereasin line 14 of SORIVECTORSe function MERGEOLUMMECTORSEigure 27, p.28) is called.
The function SIA.MERGFECTQROLUMNSde ned in Figure 50.

The only di erence betweenSIAMERGEFECTQROLUMNSId MERGFECTOROLUMNSthat in line 9
of SIAAMERGFECTQROLUMNBe argumerts are b"vector and a"vector rather than b"right "vector
and a"right "vector . This re ects the di erence betweenthe data structure headedby Vin SIATECand
the data structure headedby Vin SIA. The extra layer of indirection in SIATECis necessaryin order to
presene the ordering of the data structure that storesV(D) sothat the “column-scanning'technique for
nding TECs can be employedin COMPUTEECS

Like SORIVECTORSIA_SORIVECTORIS an implementation of merge sort. The worst-caserunning
time for SIA.SORIVECTORS therefore O(kn? log, n) for a k-dimensional dataset of sizen.

Figure 51 shows the data structure that results after SIA.SORIVECTORISas executed when SIA is
carried out on the dataset in Figure 23. This data structure represers the list showvn in Figure 25.

Finally, in line 7 of SIA, the procedure OUTPUVYECTQRATTERRAIRSIs called. This algorithm is
de ned in Figure 52 and it is basedon the CONSTRU®RATTERNIST algorithm (see Figure 29, p.35).
OUTPUVECTQRATTERRAIRSsimply outputs the set (D) de ned in Eq.96.

Figure 53 shows the output generatedby OUTPUYECTORATTERIRAIRSwhen SIA is carried out on
the datasetin Figure 23. Each line of the output represeris an ordered pair hv; p(v;D)i in (D), with the
vector v being printed before the colon and the datapoints in the set p(v; D) being printed in increasing
order after the colon.

For a k-dimensional dataset of sizen, the worst-caserunning time of OUTPUVYECTORATTERRAIRS
is clearly O(kn?) sincethe number of vectorsto be printed is O(jZ (D)j) (seeDe nition 16) and jZ(D)j =
O(n?) asprovedin Lemma 8 on page 30.

For a k-dimensional dataset of size n, the overall worst-case running time of SIA is therefore



7 SIA

57

SIA_SORIVECTORS
variables
BEFORE, A, B, AFTERB, C: VECTQRODHRointers

while V 6 NULLand V'right 6 NULL
BEFORE NULL

\%
NULL

repeat

if V6 NULL
BEFORE'right NULL
B A'right
A'right NULL
AFTERB B'right
B'right NULL
C SIAMERGEECTQROLUMNS(A,B)
if V= NULL
\% C
else
BEFORE'right C
C'right AFTEEB
BEFORE C
A BEFORE'right
A = NULLor A'right = NULL

Final ly we delete the sentinel node pointed to by V.
if V6 NULL

V'down

V'down NULL
DISPOSEOEVECTQRODE(V)

A

Figure 49: SIA_ SORIVECTORSgorithm.
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SIAAMERGEECTQROLUMNS(A : VECTQRODHRointers)

1 local variables

2 a, b, C, c: VECTQRODHointers
3 a A'down

4 b B'down

5 C A

6 C'down NULL

7 c C

8 while a 6 NULLand b 6 NULL
9 if VL(b"vector,a "vector)
10 c"down b

11 b b"down

12 else

13 c¢"down a

14 a a'down

15 [ c"down

16 c"down NULL

17 if a = NULL

18 c"down b

19 else

20 c"down a

21 return C

Figure 50: SIA.MERGEECTQROLUMNSyorithm.

O(kn?log, n) and the worst-casespacecomplexity is O(kn?).
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OUTPUYECTQRATTERRAIRS

1 local variables

2 vi, V2. VECTQRODHointers

3 if V6 NULL

4 Vi Vv

5 while vi 6 NULL

6 PRINTVECTOR(V vector)

7 PRINT( : )

8 PRINTVECTOR(V right "vector)

9 PRINT( ")

10 Va2 v1"down

11 while v, 6 NULLand VE(v;"vector,v 1"vector)
12 PRINTVECTOR(V right "vector)
13 PRINT( ")

14 V2 Vv2"down

15 PRINTNEW.INE

16 Vi1 Vo

Figure 52: OUTPUVYECTQRATTERRAIRSalgorithm.

<0,1> : <2,1> <2,2>
<0,2> : <1,1> <2,1>
<1,-2> : <1,3>

<1,-1> : <1,3> <2,3>
<1,0> : <1,1> <1,3> <2,2>
<1,1> : <1,1> <2,1>

<1,2> : <1,1>
<2,-1> : <1,3>
<2,1> : <1,1>

Figure 53: The output generated by OUTPUVECTQRATTERRAIRSfor the dataset in Figure 23 on page 25.
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