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1 In tro duction

We present below SIA and SIATEC, two new algorithms for e�cien t and e�ectiv e pattern-discovery in
multidimensional datasets. (A multidimensional dataset is simply any set of points in an N -dimensional
space.)These algorithms can be used as the basis of new applications for compressionand indexing of
databases,and data mining or structural analysisof data. The new algorithms are particularly appropriate
for use with databasesin which each item in the databaseis represented as a multidimensional dataset,
as is the case,for example, in computer-basedmusic libraries and databasesof audio data, databasesof
2- and 3-dimensional molecular structures, computer-basedimage and video libraries and collections of
graphs representing scienti�c results or �nancial data.

When each element in the database to be processedis a multidimensional dataset and when the
user wishesto discover setsof translationally-in variant patterns, SIA and SIATECare more e�ectiv e than
previous string-basedapproaches.

Possibleapplications of SIA and SIATECinclude but are not limited to:

� Prediction and analysis of �nancial data such as stock market performance.

� Storage and matching of image data in security systems based on recognition of images such as
retinal scans,�ngerprin ts, faces,hands etc.

� Compressionand indexing of huge databasesof MIDI or MPEG �les.

� Transcription of digital audio to a symbolic representation (e.g. audio-to-MIDI).

� Compressionand indexing of video data (e.g. MPEG-7 �les).

� Analysis of 2- and 3-dimensional molecular structure as used, for example, in drug development,
proteomics and genomics.

2 Motiv ation behind research

Our research was originally motivated by the desire for extraction (discovery) of patterns in music data.
There are various reasonsfor automatic extraction of musical patterns. First of all, from a musicological
point of view it is interesting to �nd out which patterns recur and what kind they are. It may be the
case,for example, that such patterns can be used as stylistic `�ngerprin ts' for particular musical styles
or composers.Moreover, a number of music analysts and music psychologists (Bent and Drabkin, 1987;
Lerdahl and Jackendo�, 1983;Nattiez, 1975;Ruwet, 1966,1972),havestressedthat oneof the fundamental
stepsin achieving an interpretation of a pieceof music is identifying the signi�can t instancesof repetition
within the piece.So, being able to extract the recurring patterns meansthat the search spacefor �nding
musically meaningful patterns has drastically beenreduced,and someheuristics for deciding which of the
recurring patterns really are meaningful can be conducted.

Secondly, the recurring patterns can be used for sparse indexing purposesin caseswhere the mu-
sic databases used for content-based music retrieval are enormous. To enable interactive queries to
such databases,some kind of indexing is required. However, even the most economical version of suf-
�x trees (Kurtz, 1999), a very e�ectiv e indexing structure, will be of excessive size(Lemstr•om, 2000).For
example, in the caseof a databaseof 100,000MIDI songs(Bainbridge et al., 1999) (which should still be
consideredonly moderately sized),a su�x tree would require at least 5 GB of main memory. Therefore,we
claim that the sensiblestrategy for such a casewould involve an indexing structure storing only the mu-
sically most meaningful patterns. In a straightforward solution all the recurring patterns could be stored
in such a structure, whereasa more complicated but more e�cien t solution would involve using analysis
heuristics to store nothing but the most meaningful patterns. In this way we could maintain a reasonably
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sizedindexing structure and frequently enableinteractive performance,becausethe musically meaningful
patterns will frequently be usedasquery keys.If the query key cannot be located in the indexing structure,
a fast online technique, for instance the techniquesdescribed by Lemstr•om (2000), could be used.

We also believe that SIA and SIATECcould be usedas the basis for a very e�ectiv e and e�cien t com-
pressionalgorithm for symbolically encoded polyphonic music. The idea behind compressiontechniques
is to remove the recurrencesof the data. However, the concept of a repetition in symbolically represented
polyphonic music is quite di�eren t from the repetition of a word or phrase in text, which has been the
application area for most of the available compressiontechniques. The di�erence is due to the fact that,
no matter how the musical data has beenordered, there may always be someinterleaved events that are
actually not part of the meaningful pattern at all (such asornamentations or part of an accompaniment|
seeFigure 1). Therefore, in e�ect, they would destroy the prominent lengthy pattern if text compression
techniqueswere used.

3 Related Work

Becausethe previous work has beenbasedon string matching techniques,we will now brie
y talk about
that framework in order to understand the di�erence between the problem that the previous methods
have beenable to solve, and the problem that we are facing.

3.1 Problem setting

Let � be a �nite set of symbols, called an alphabet. Then any A = (a1; a2; : : : ; am ) where each ai is a
symbol in �, is a sequence over �. The set of all sequencesover � is denoted by � � . If a sequenceA is of
form A = �� 
 , where �; � ; 
 2 � � , we say that � is a pre�x , � a factor (substring), and 
 a su�x of A.
A sequenceA0 is a subsequence of A if it can be obtained from A by deleting zero or more symbols, i.e.,
A0 = ai 1 ai 2 � � � ai m , where i 1 : : : i m is an increasingsequenceof indices in A.

To �nd repeatedpatterns within a string, onecan considerthe following problem setting as a starting
point. Given a �nite set W of words, the task is to �nd a string, called a pattern, p that is the longest
substructure (i.e. factor or subsequence)of every word in W . Note, that W may have beenobtained from
a long string S that hasbeendivided into jW j factors. It is known (Crochemoreand Rytter, 1994,p. 25),
that if jW j is not constant and the substructures to be consideredare subsequences,the problem becomes
NP- complete. However, if factors instead of subsequencesare considered, the problem is solvable in
polynomial time. Bearing this fact in mind, it is clear that �nding repetitions with `gaps' (the repetitions
correspond to similar subsequences)is much more complex than �nding repetitions without gaps (the
repetitions correspond to similar factors).

Let us now de�ne the problem under considerationand a related problem. The slightly easierproblem,
denoted here by P1, is to �nd every factor pi such that each pi occurs more than once in string S to be
inspected.By assumingthat the underlying alphabet is integervalued 1, the string-matching problem that
corresponds most closely to that solved by SIATECand SIA which we denote by P2, can be formulated
as follows. The task is to �nd all subsequencesp0

j having more that one occurrencein S (note that, by
de�nition, P2 contains P1 as a subcase).Naturally , by formulating the problems this way not only the
transposition invariance but also approximate matching (or both of them combined) becomeavailable.
For instance, in the transposition invariant case,pi is similar to pj if and only if all the elements of pj

are transposedfrom the corresponding element in pi by the same integer c. Two strings are said to be
k-approximately similar if the latter can be obtained from the former (or vice versa) by using k or fewer
editing operations (seee.g. Crochemoreand Rytter (1994)).

1We do not need this assumption in the multi-dimensional dataset de�nition of the problem given below.
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3.2 Solutions for P1

Denoting the length of S by n, the straightforward solution for P1 is to generateall the O(n2) substrings
of S. Then, each substring is matched against S to �nd out how many times it occurs in S. For a substring
of length m, O(mn) comparisonshave to be made. Thus, the overall complexity becomesO(n4).

By applying su�x tries an O(n3) solution can be obtained. Formally, a trie is a rooted tree with two
main properties, i.e.

1. each node, except the root, is associated with a symbol of an alphabet,

2. any two descendants of the samenode cannot be associated with the samesymbol.

A node corresponding to a last symbol of any su�x is called a �nal state. To solve P1, �rst a su�x trie
for S is built, which can be done in O(n2) time (becausethere are O(n2) nodes in the structure). Then,
for each node a link to the �nal states that are its descendants, is created. Finally , the repeated patterns
can be found by traversing the trie; for each internal node corresponding to a substring, its occurrences
can be located by going through the �nal states linked by the node. The time complexity follows from the
number of the nodes in the trie, and the number of the �nal states (i.e. n).

Hsu et al. (1998) used a dynamic programming technique to �nd the repeating patterns. Though
having a O(n4) worst casetime complexity, it works much more e�cien tly in practice. In their study,
Hsu et al. did not consider transposition invariance, but this can be obtained straightforwardly by using
intervals between the consecutive pitches instead of the absolute pitch values. However, their approach
can only be usedfor monophonic music or for discovering patterns wholly contained within a single voice
of a polyphonic piece.First they usea correlative matrix, whoseprocessingtake O(n2) time. The output
of the phase is a candidate set including all the patterns comprised in S (even those that appear only
once), together with their frequency. In a secondphase, each candidate which is a subset of another
candidate c (and whosefrequencydoesnot exceedthe frequencyof c) is removed from the candidate set.
In a pathological casethe number of required operations for this phasecan be O(n4). However, there are
rather fewer candidatesto be consideredin practice.

Another approach to solving P1 waspresented by Rolland (1999). However, his solution extendsto the
problem of allowing k proximit y. The editing operations can be chosenfrom a set of prede�ned, musically
relevant operations. In his method, the length of the consideredpatterns is bounded by setting a minimal
and maximal length for them. (In SIA and SIATECthere are no such bounds|the patterns discovered
may be of any size.)Then, all the patterns (substrings) falling in the allowed rangeare extracted from the
musical string. Having created a node for a pattern, it is comparedagainst other patterns (whose length
is closeenough to that of the consideredpattern). If their similarit y exceedsa given threshold value, an
arc between the two nodes corresponding to these patterns is created and the weight of this arc is set
accordingto their similarit y. In this way, the related patterns form stars in a similarit y graph. Finally , the
patterns are sorted by their prominence:for every pattern in the similarit y graph, the weights of the arcs
by which they are connectedto other nodesare accumulated. Then, the patterns are listed in a descending
order accordingto the accumulations. Rolland claims an overall time complexity of O(n2). However, if the
algorithm is required to �nd patterns of any sizethis time complexity risesto (at least) O(n4), making it
lesse�cien t in the worst casethan SIATEC. Also, unlike SIATECand SIA, Rolland's algorithm is currently
limited to the discovery of patterns in monophonic sources.

In music, the pattern in Figure 1(b) would be understood to be an ornamented repetition of the pattern
in Figure 1(a). Notes 1, 2, 3 and 4 in Figure 1(a) correspond respectively to notes 1, 5, 9 and 13 in Figure
1(b). This kind of musical ornamentation is called diminution and the number of ornamental notes that
can be inserted between the structurally more important notes of the theme can be arbitrarily high. A
string-matching pattern-discovery algorithm such asRolland's considerstwo patterns to be `similar' if and
only if the number of edit operations required to transform oneinto the other is lessthan somethreshold k.
For the two patterns in Figure 1 to be considered`similar' by Rolland's algorithm, this threshold k would
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Figure 1: Two musically similar patterns separatedby a large edit distance.

haveto be set to at least 9 to allow for the 9 insertions required to transform Figure 1(a) into Figure 1(b).
But this threshold is far too high in general, because,with such a high threshold, the algorithm would
classify certain musically extremely dissimilar patterns to be `similar'.

This shortcoming applies to any pattern-discovery algorithm basedon approximate string-matching
techniquesthat employ the edit-distance approach.

Cambouropoulos' (1998)GCTMS canberather straightforwardly adaptedto �nding repeatedpatterns.
However, the classof patterns found is highly restricted. First, the patterns cannot contain gaps;second,
they are boundedby local boundariesthat are found in a preprocessingphaseusing gestalt-like rules; and
third, the system only works for monophonic music. Cambouropoulos' theory categorizesthe patterns
found into \paradigms" in a manner similar to the \paradigmatic" music analysis of Ruwet (1972) and
Nattiez (1975). Each of theseparadigmatic classescorresponds approximately to one of the translational
equivalenceclassesgeneratedby SIATEC.

3.3 Solutions for P2

Very little e�ort hasbeenmadeso far to solve the problem P2. However, musically this problem setting is
morepertinent and usefulthan P1, and not least in thosecaseswherethe pieceof musicunder consideration
is polyphonic. The problem is somewhat related to the problem dealt with in molecular biology, where
several DNA sequencesare to be aligned in an optimal way (and therefore the common subsequencesof
the consideredDNA sequencesare to be found).

Theseproblemsare inherently di�eren t from each other and, in somerespects,the discovery of patterns
in DNA sequencesand proteins is, in fact, somewhat simpler than the discovery of musically signi�can t
patterns in polphonic music. This is becauseboth proteins and nucleic acids can, at least at the primary
level of structure, be appropriately modelled as 1-dimensional strings of symbols taken from a highly
restricted alphabet. Whereasmuch polyphonic music cannot even be appropriately represented as a set
of 1-dimensional strings and the musical \alphab ets" used are (at least in principle if not generally in
practice) in�nite and multidimensional.

Nevertheless, let us roughly present, as an example, a string matching approach to 1-dimensional
pattern discovery by Floratos and Rigoutsos (2000). The idea is to start with initial patterns of a given
length (possibly containing also `don't care' characters), and proceedrecursively to generatelonger and
longer patterns appearing in the data set. Floratos and Rigoutsos attempt to avoid the inherent NP-
hardnessof the problem by limiting the length of the consideredpatterns. With the aid of two su�x
structures, they attempt to extend the consideredpatterns both backwards (by assigninga pre�x to the
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Hsu et al. Camb. Roll. Flor. & Rig. SIATEC SIA

Allows gaps � �
p p p p

Approximate matching �
p p p p ? p ?

Transposition invariant � =
p z p p

� =
p z p p

Equivalenceclasses
p

� =
p y � �

p
�

Considerspolyphony � � � �
p p

Time complexity O(n4)? ? O(n2)� NP O(n3) O(n2 log2 n)
Spacecomplexity ? ? O(n2) ? o(n3) O(n2)

? Finds certain classesof approximate matches(e.g. Figure 1).
z The property is achieved by using intervals instead of absolute pitches.
y Actually paradigmatic categoriesbut similar to TECs.
� But if sizeof patterns to be discovered is unlimited, this rises to at least O(n4).

Table 1: Table comparing features of a number of pattern-discovery algorithms.

pattern) and forwards (by assigning a su�x). Finally , the generated patterns representing exactly the
samesubsequencesin a di�eren t way, are combined in a maximal pattern.

In Table 1 we have gathered the properties of the aforementioned, relevant methods so that they can
be comparedwith our SIA and SIATECalgorithms that are presented below.

4 The mathematical function that SIATECcomputes

In this section we develop an expressionfor the mathematical function that SIATECcomputes. Some
well-known mathematical concepts (e.g. set and ordered set) are not de�ned here. For de�nitions and
explanationsof such well-known conceptssee,for example,Borowski and Borwein (1989) or Cormen et al.
(1990, chap. 5).

We begin by de�ning someterms that we shall use frequently from now on.

De�nition 1 (V ector) An object may be called a vector if and only if it is a �nite ordered set of
numbers. An object may be called a k-dimensional vector if and only if it is a vector of cardinality k.

We assumehere that every number in a vector is integral, rational or real.

De�nition 2 (V ector set) An object may be called a vector set if and only if it is a set of vectors. An
object may be called a k-dimensional vector set if and only if it is a vector set in which every vector
has cardinality k.

An object may be called a pattern or a dataset if and only if it is a k-dimensional vector set. An object
may be called a datapoint if and only if it is a vector in a pattern or a dataset. We usually reserve the term
dataset for a k-dimensional vector set that represents somecomplete set of data that we are interested in
processing.We usually reserve the term pattern for either a k-dimensional vector set that is a subset of
somespeci�ed dataset or a k-dimensional vector set that is a transformation of somesubsetof a dataset.
Every pattern is a k-dimensionalvector set and every dataset is a k-dimensionalvector set but we only call
a k-dimensional vector set a pattern or a dataset if the vectors it contains are intended to be interpreted
as position vectors (i.e. datapoints).

We now de�ne a number of basic conceptsand notations relating to ordered sets and, in particular,
vectors.
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De�nition 3 (Concatenation of ordered sets) If A and B are ordered setssuch that

A = ha1; a2; : : : am i and B = hb1; b2; : : : bn i

then the concatenation of B onto A, denoted by A � B , is de�ned to be equal to

ha1; a2; : : : am ; b1; b2; : : : bn i

De�nition 4 (Concatenation of a collection of ordered sets) If

S1; S2; : : : Sk ; : : : Sn

is a collection of ordered sets then the expression

S1 � S2 � : : : � Sk � : : : � Sn

is de�ned to be equivalent to
nM

k=1

Sk

If S is a set or ordered set then we denote the cardinalit y of S by jSj.

De�nition 5 (Elemen t of an ordered set) If S is an ordered set,

S = hs1; s2; : : : sn ; : : :i

then
S[n] = sn

for all integer n such that 1 � n � jSj. That is, the expressionS[n] evaluatesto the nth element of S. If
S[n] is itself an ordered set then S[n; m] returns the mth elementof S[n], S[n; m; l ] returns the l th element
of S[n; m] and so on.

De�nition 6 (Addition and subtraction of vectors) If u and v are vectors such that juj = jvj = k
then:

u � v =
kM

i =1

hu[i ] � v[i ]i

� v =
kM

i =1

h� v[i ]i

u + v =
kM

i =1

hu[i ] + v[i ]i

De�nition 7 (V ector inequalit y) If u and v are vectors then u < v if and only if one of the following
conditions is satis�ed:

1. juj < jvj; or

2. juj = jvj = k and there exists an integer i such that 1 � i � k and u[i ] < v[i ] and u[j ] = v[j ] for
1 � j < i .
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We now de�ne a number of conceptsrelating to the geometrical transformation of translation.

De�nition 8 (T ranslation of a pattern) If p is a pattern and v is a vector then the translation of
p by v, denoted by � (p;v), is given by the following equation:

� (p;v) = f d2 j (9d1 j (d1 2 p) ^ (d1 + v = d2))g (1)

Note that the expressiond1 + v on the right-hand side of Eq.1 is a vector addition asde�ned in De�nition
6.

De�nition 9 (T ranslational equiv alence) If p and q are patterns then q is translationally equiv a-
len t to p, denoted by q � � p, if and only if there exists a vector v such that q = � (p;v). That is

q � � p ( ) 9v j q = � (p;v) (2)

De�nition 10 (T ranslational equiv alence class of a pattern) If D is a dataset and p is a pattern
such that p � D then the translational equiv alence class (TEC) of p in D , denoted by E(p;D), is
given by the following equation:

E(p;D ) = f qj q � � p ^ q � Dg (3)

De�nition 11 (Maximal translatable pattern (MTP) for a vector) If v is a vector and D is a
dataset then the maximal translatable pattern (MTP) for v in D , denoted by p(v; D ), is given by
the following equation:

p(v; D ) = f d j d 2 D ^ d + v 2 Dg (4)

We say that p(v; D ) is a maximal translatable pattern (MTP) in D if and only if p(v; D ) 6= ; .

De�nition 12 (Complete set of maximal translatable patterns) If D is a dataset then the com-
plete set of maximal translatable patterns in D , denoted by P(D), is givenby the following equation:

P(D) = f p(d1 � d2; D ) j d1; d2 2 Dg (5)

De�nition 13 (Complete set of MTP TECs) If D is a dataset then the complete set of MTP
TECs for D , denoted by T(D), is given by the following equation:

T(D) = f E(p;D ) j p 2 P(D)g (6)

In other words, the complete set of MTP TECs for a dataset D is the set that only contains every TEC
which is the TEC of a maximal translatable pattern in D . When given a dataset D as input, SIATEC
computesT(D) as de�ned in De�nition 13.

Lemma 1 If D is a dataset then

T(D) = f E(p(d1 � d2; D ); D ) j d1; d2 2 Dg (7)

Proof
If we substitute Eq.5 into Eq.6 then we �nd that

T (D ) = f E (p;D ) j p 2 f p(d1 � d2 ; D ) j d1 ; d2 2 D gg

= f E (p(d1 � d2 ; D ); D ) j d1 ; d2 2 D g

�

Lemma 1 tells us that if d1 and d2 are any two datapoints in a dataset D then the TEC of the maximal
translatable pattern for the vector from d2 to d1 will be contained in T(D). Moreover, this lemma tells us
that if E is a TEC in T(D) for somespeci�ed dataset D , then there will exist at least one pair of points
d1; d2 2 D such that the maximal translatable pattern p(d1 � d2; D ) is in E .
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SIATEC(FN: dataset file-name, SD : bit-vector indicating selected dimensions)
1 READDATASET(FN,SD)
2 SORTDATASET
3 SETIFYDATASET
4 COMPUTEVECTORS
5 CONSTRUCTVECTORTABLE
6 SORTVECTORS
7 CONSTRUCTPATTERNLIST
8 VECTORIZEPATTERNS
9 COMPUTEPATTERNSIZES
10 SORTPATTERNVECTORSEQUENCES
11 SETIFYPATTERNVECTORSEQUENCES
12 COMPUTETECS
13 OUTPUTTECS

Figure 2: SIATECalgorithm.

5 SIATEC: An overview

We now present SIATEC, an e�cien t algorithm for computing T(D) for any dataset D . The worst-case
running time of SIATECis O(kn3) for a k-dimensional dataset containing n datapoints. A loose upper
bound on the worst-casespacecomplexity of SIATECis O(kn3). We are currently trying to �nd a tight
upper bound on this spacecomplexity.

We assumethat a K -dimensional dataset D of cardinalit y N has been saved in a �le whose name
is given to SIATECin the parameter FN (see Figure 2). We further assumethat we wish to processa
k-dimensional orthogonal projection of D de�ned by the parameter SD.

For example,D may be a collection of 3-dimensionaldatapoints representing points in a 3-d Cartesian
co-ordinate system. However, we may only be interested in discovering patterns in a particular two-
dimensional orthogonal projection of D. If we were only interested in the projection of D in the `X{Y'
plane, then we would set SDto 110. If we were interested in the projection of D in the `X{Z' plane, then
we would set SDto 101. We denote this projection of D by D and we denote the cardinalit y of D by n. In
general,n � N and k � K .

In lines 1 to 3 of SIATEC(seeFigure 2), the dataset is �rst read into memory, then it is sorted and
then duplicate datapoints are removed from it. Sorting the dataset allows us to implement later stagesof
the algorithm much more e�cien tly . Setifying the dataset is necessarybecause,in general, it is possible
for more than one of the K -dimensional datapoints in D to be projected onto the same k-dimensional
datapoint in D . READDATASEThas a worst-caserunning time of O(K N ). SORTDATASEThas a worst-case
running time of O(kN log2 N ). SETIFYDATASEThasa worst-caserunning time of O(kN ). The total space
usedby lines 1{3 of SIATECis O(kN ).

In line 4, the vector subtraction d1 � d2 is computed for all pairs of datapoints d1; d2 in the dataset.
The worst-caserunning time and spacecomplexity of this step are both O(kn2).

If D is a dataset and p1 and p2 are patterns, then it follows directly from De�nition 10 that

p1 � D ^ p2 � D ^ p1 � � p2 ) E (p1; D ) = E(p2; D ) (8)

Lemma 2 If D is a datasetand v is a vector then

� (p(v; D ); v) = p(� v; D ) (9)

Proof
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De�nition 11 implies
p(� v; D ) = f d j d 2 D ^ d � v 2 D g (10)

De�nition 11 and De�nition 8 together imply

� (p(v; D ); v) = f d2 j (9d1 j d1 2 p(v; D ) ^ d1 + v = d2)g

= f d2 j (9d1 j d1 2 D ^ d1 + v 2 D ^ d1 + v = d2)g

= f d2 j (9d1 j d1 2 D ^ d2 2 D ^ d1 = d2 � v)g

= f d2 j (9d1 j d2 2 D ^ d2 � v 2 D )g

= f d2 j d2 2 D ^ d2 � v 2 D g (11)

Eq.11 and Eq.10 together imply
� (p(v; D ); v) = p(� v; D )

�

Lemma 2 tells us that if we translate by v the maximal translatable pattern for v then we get the
maximal translatable pattern for the vector � v.

Lemma 3 If D is a datasetand d1; d2 2 D then

E(p(d1 � d2; D ); D ) = E(p(d2 � d1; D ); D ) (12)

Proof
If D is a dataset and d1 ; d2 2 D then De�nition 12 implies that p(d1 � d2 ; D ) 2 P(D ) and p(d2 � d1 ; D ) 2 P(D ).

Lemma 2 tells us that
� (p(d1 � d2 ; D ); d1 � d2) = p(d2 � d1 ; D )

Therefore, by De�nition 9,
p(d1 � d2 ; D ) � � p(d2 � d1 ; D )

and consequently , by Eq.8,
E (p(d1 � d2 ; D ); D ) = E (p(d2 � d1 ; D ); D )

�

Since the goal of SIATECis to compute the complete set of MTP TECs, T(D), there is no point in
us computing both E(p(d1 � d2; D ); D ) and E(p(d2 � d1; D ); D ) for each pair of datapoints d1; d2 2 D
since we know from Eq.12 that for any given pair of datapoints these two TECs are the same. Conse-
quently , there is no needfor us to compute both p(d1 � d2; D ) and p(d2 � d1; D ) for every pair of datapoints
d1; d2 2 D|w e only needto compute one of theseMTPs for each pair of datapoints.

Therefore, in lines 5{7 of SIATEC(Figure 2), instead of computing P(D), the complete set of maximal
translatable patterns, we compute the set P 0(D ) which is de�ned as follows.

De�nition 14 If D is a dataset then

P0(D ) = f p(d1 � d2; D ) j d1; d2 2 D ^ d1 > d2g (13)

The na•�ve algorithm for computing P(D) (seeDe�nition 12) for a dataset containing n datapoints would
involve computing p(d1 � d2; D ) for n2 vectors. However, to compute P 0(D ) we only have to do this for
the n (n � 1)

2 datapoint pairs that satisfy the condition d1 > d2. The worst-caserunning time for computing
P0(D ) is therefore lessthan half that of computing P(D). SinceSIATECcomputesP 0(D ) instead of P(D),
the set of TECs generatedby SIATECfor a dataset D is, in fact, not T(D) but T 0(D ) which is de�ned as
follows.
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De�nition 15 If D is a dataset then

T 0(D ) = f E(p;D ) j p 2 P 0(D )g (14)

It can be shown (seeLemma 6) that P 0(D ) does not contain the maximal translatable pattern in D for
the zero vector, 0. Clearly, every point in a dataset can be translated by the zero vector to give another
point in the dataset. Therefore the MTP for the zero vector is equal to the complete dataset, that is,

p(0; D ) = D (15)

Moreover, it can be shown that if D is a non-empty dataset and d1 and d2 are two distinct datapoints in
D then the maximal translatable pattern in D for the vector d1 � d2 is never equal to the whole dataset
D . We will now prove this.

Lemma 4 If D is a dataset then

D 6= ; ^ d1 6= d2 ) p(d1 � d2; D ) 6= D (16)

Proof
Let us denote by

� = h� 1 ; � 2 ; : : : � n i

the ordered set that results from sorting the dataset

D = f d1 ; d2 ; : : : dn g

so that all the datapoints are in increasing order. Let us now assumethat p(d1 � d2 ; D ) = D for some pair of
datapoints d1 ; d2 2 D ; d1 6= d2 . We know that there is no datapoint greater than � n in D . However, if d1 > d2 ,
then � n + d1 � d2 > � n therefore

d1 > d2 ) � n =2 p(d1 � d2 ; D ) ) p(d1 � d2 ; D ) 6= D (17)

Similarly , we know that there is no datapoint less than � 1 in D . However, if d1 < d2 , then � 1 + d1 � d2 < � 1

therefore
d1 < d2 ) � 1 =2 p(d1 � d2 ; D ) ) p(d1 � d2 ; D ) 6= D (18)

Eq.17 and Eq.18 together imply that

D 6= ; ^ d1 6= d2 ) p(d1 � d2 ; D ) 6= D

�

For a given dataset D , the set T 0(D ) has the following property:

T 0(D ) = T(D) n ff Dgg

In other words, T 0(D ) is the relative complement of f f Dgg in T(D), or, to put it yet another way, T 0(D )
only contains all the elements of T(D) except f Dg = E(D ; D) = E(p(0; D ); D ). The following two lemmas
prove this result.

Lemma 5 If D is a dataset then

T 0(D ) = f E(p(d1 � d2; D ); D ) j d1; d2 2 D ^ d1 6= d2g (19)
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Proof
Eq.14 and Eq.13 together imply

T 0(D ) = f E (p(d1 � d2 ; D ); D ) j d1 ; d2 2 D ^ d1 > d2g (20)

Eq.12 and Eq.20 together imply

T 0(D ) = f E (p(d2 � d1 ; D ); D ) j d1 ; d2 2 D ^ d1 > d2g

= f E (p(d1 � d2 ; D ); D ) j d1 ; d2 2 D ^ d1 < d2g (21)

Eq.20 and Eq.21 imply
T 0(D ) = f E (p(d1 � d2 ; D ); D ) j d1 ; d2 2 D ^ d1 6= d2g

�

Lemma 6 If D is a non-empty dataset then

T 0(D ) = T(D) n ff Dgg (22)

Proof
From Eq.15 and Lemma 4 it follows that if D 6= ; then

p(d1 � d2 ; D ) = D ( ) d1 = d2 (23)

Lemma 5 and Lemma 1 imply
T (D ) = T 0(D ) [ f E (p(0; D ); D )g

and from Eq.15 we know that p(0; D ) = D . Therefore

T (D ) = T 0(D ) [ f E (D ; D )g

= T 0(D ) [ ff D gg (24)

Eq.23 and Lemma 5 imply E (D ; D ) =2 T 0(D ) which in turn implies

f f D gg =2 T 0(D ) (25)

Eq.24 and Eq.25 imply
T 0(D ) = T (D ) n ff D gg

�

SinceT 0(D ) contains all and only the TECs in T(D) except for E(D ; D) and since in generalwe are
not interested in E(D ; D), it is more e�cien t (and perfectly su�cien t) for SIATECto compute the set
P0(D ) instead of the set P(D).

Each time a vector v = d1 � d2 is computed by COMPUTEVECTORS(line 4 of SIATEC(Figure 2)), the
vector v is stored in a linked list node that hasa pointer to the vector's `source'datapoint d2. This feature,
together with the fact that the dataset is sorted before COMPUTEVECTORSis called, allows P 0(D ) to be
computed simply by sorting the vectors computed in line 4. This can be achieved in a worst-caserunning
time of O(kn2 log2 n) and a worst-casespacecomplexity of O(kn2).

Eq.8 tells us that if two patterns are translationally equivalent then their TECs will be identical. As
already explained,SIATECcomputesthe setT 0(D ) = f E(p;D ) j p 2 P 0(D )g (Eq.14). However, it is possible
in general for P 0(D ) to contain distinct but translationally equivalent patterns. Clearly, if p1; p2 2 P0(D )
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and p1 � � p2 then there is no point in computing both E(p1; D ) and E(p2; D ). Therefore,beforecomputing
T 0(D ), we �rst compute the partition

P(D) = f E(p;P 0(D )) j p 2 P 0(D )g (26)

where
E(p;P 0(D )) = f qj q 2 P 0(D ) ^ q � � pg (27)

We then construct a set P 00(D ) which contains exactly one pattern from each E 2 P(D). This guarantees
that there are no two patterns in P 00(D ) that are translationally equivalent.

This processof generatinga set P 00(D ) from P 0(D ) is implemented in lines 8{11 of SIATEC. The worst-
caserunning time and worst-casespacecomplexity of lines 8{11 of SIATECare O(kn2 log2 n) and O(kn2)
respectively.

P00(D ) can be computed from P 0(D ) by simply examining each pattern p in P 0(D ) and removing p if
and only if one of the remaining patterns in P 0(D ) is translationally equivalent to p. From Eq.8 we know
that if two patterns are translationally equivalent then their TECs will also be the same.Let's say that
we initialize A to be equal to P 0(D ) and then we examine each pattern p in A in turn and remove p if
and only if there is an as yet unscannedpattern remaining in A that is translationally equivalent to p.
We know that whenever a pattern p is removed from A during this processof computing P 00(D ) there is
always a pattern remaining in A whoseTEC is the sameas that of p. Therefore we know that by the time
the processhas completed and A = P 00(D ),

f E (p;D ) j p 2 P 0(D )g = f E(p;D) j p 2 P 00(D )g

which, together with De�nition 15 implies that

T 0(D ) = f E(p;D ) j p 2 P 00(D )g (28)

The function COMPUTETECScalled in line 12 of SIATECcomputes T 0(D ) by computing the TEC of
each pattern in P 00(D ). COMPUTETECSachievesthis in a worst-caserunning time of O(kn3). A looseupper
bound on the worst-casespacecomplexity of COMPUTETECSis O(kn3). But in practice it seemsto be much
better than this and the tight upper bound may be as low as O(kn2).

6 SIATEC: A closer look

6.1 The data structures used

The implementation of SIATECdescribedhereuseslinked list data structures. Three di�eren t typesof node
areusedto construct the data structures usedin SIATEC: NUMBERNODEs,VECTORNODEsand PATTERNNODEs.
Thesetypesare de�ned in Figure 3.

NUMBERNODEs are used to construct linked lists that represent vectors. Each NUMBERNODEhas two
�elds, one called numberand the other called next . The number�eld of a NUMBERNODEis usedto hold a
numerical value. The next �eld is a NUMBERNODEpointer used to point to the node that holds the next
element in the vector. A NUMBERNODEis represented diagrammatically as a rectangular box divided into
two cells (seeFigure 4). The left-hand cell represents the number�eld and the right-hand cell represents
the next �eld. A cell with a diagonal line drawn acrossit represents a pointer whosevalue is NULL. The
pointer v in Figure 4 headsa linked list of NUMBERNODEs that represents the vector h3; 4i .

VECTORNODEsareusedto construct linkedlists that represent vector sets,such aspatterns and datasets.
Each VECTORNODEhas three �elds: a NUMBERNODEpointer called vector and two VECTORNODEpointers,
one called downand the other called right (see de�nition in Figure 3). A VECTORNODEis represented
diagrammatically asa rectangular box divided into three cells (seeFigure 5). The left-hand cell represents
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types
NUMBERNODE

number : a numerical value
next : a NUMBERNODEpointer

VECTORNODE
vector : a NUMBERNODEpointer
down, right : VECTORNODEpointers

PATTERNNODE
vec seq, pattern, vectors : VECTORNODEpointers
down, right : PATTERNNODEpointers
size : an integer

global variables
D : a VECTORNODEpointer used to head the list representing the

dataset
V : a VECTORNODEpointer used to head the table of vectors used

in finding patterns
P : a PATTERNNODEpointer used to head the list of patterns

Figure 3: Typesand global variables.

v - 3 - 4 @@

number next NULL

Figure 4: Using NUMBERNODEs to represent vectors.
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Figure 5: A right-directed list of VECTORNODEs.
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Figure 6: A down-directed list of VECTORNODEs.

the vector �eld, the middle cell represents the down�eld and the right-hand cell represents the right
�eld. The �eld called vector is always used to head a linked list of NUMBERNODESrepresenting a vector.
The right �eld is used to point to the next VECTORNODEin a right-dir ected list such as the one shown
in Figure 5. The down�eld is used to point to the next VECTORNODEin a down-directed list such as the
one shown in Figure 6. The linked list in Figure 5 could be used to represent the ordered set of vectors
hh1; 3i ; h2; 4i ; h3; 3i i or, of course,the vector set fh1; 3i ; h2; 4i ; h3; 3i g. The linked list in Figure 6 could be
used to represent the ordered vector set hh1; 1i ; h2; 2i ; h3; 1i i or the vector set fh1; 1i ; h2; 2i ; h3; 1ig. The
fact that each VECTORNODEhas both a downand a right �eld allows for a linked list of VECTORNODEs to
be e�cien tly sorted using an implementation of mergesort that converts an unsorted down-directed list
into a sorted right-directed list (seethe algorithms SORTDATASET(Figure 12) and SORTVECTORS(Figure
26)).

A PATTERNNODEis usedto hold information about an individual pattern. It hassix �elds (seede�nition
in Figure 3) and is thus represented diagrammatically as a rectangle divided into six cells as shown in
Figure 7. The left-most cell represents the vec seq �eld, the next cell to the right represents the vectors
�eld and the subsequent cells represent, in order, the size , down, right and pattern �elds.

By the time that OUTPUTTECSis called in line 13 of SIATEC(Figure 2), the global PATTERNNODE
pointer variable P (seeFigure 3) headsa right-directed linked list of PATTERNNODEs in which each node
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vectors down pattern

vec seq size right

Figure 7: The structure of a PATTERNNODE.

0

1

2

3

0 1 2 3

�

�

�

�

Figure 8: A simple two-dimensional dataset.

represents onecompleteMTP TEC. Figure 9 shows the data structure generatedby SIATECfor the simple
two-dimensionaldataset shown in Figure 8. The data structure in Figure 9 consistsof a right-directed list
of three PATTERNNODEs headedby P. This list as a whole represents T 0(D ) for the dataset represented by
the right-directed list headedby the global variable D. Each node in the PATTERNNODElist headedby P
represents the MTP TEC E(p;D) for a single pattern in P 00(D ). For example, the �rst node in this list
(the node pointed to by P) represents the TEC

ffh 1; 1i ; h3; 1i g ; f h1; 3i ; h3; 3igg (29)

In this implementation, a TEC E(p;D) is represented in a compact form as an ordered pair hp;V(p;D )i
where

V (p;D) = f v j � (p;v) � Dg (30)

In a PATTERNNODE, the pattern p is stored as a linked list headedby the pattern �eld and the set of
vectors V (p;D) is stored as a list headedby the vectors �eld. Thus, the node pointed to by P in Figure
9 represents the TEC in Eq.29 by meansof the ordered pair

hfh1; 1i ; h3; 1i g ; f h0; 0i ; h0; 2igi

The pattern �eld points to a linked list of VECTORNODEs that represents a pattern, each VECTORNODE
storing a datapoint in the pattern. However, the datapoint associated with a VECTORNODEin such a list is
not stored explicitly as a linked list of NUMBERNODEs headedby the vector �eld of the node. Instead, to
save space,the down�eld of each VECTORNODEin a pattern list is used to point to the appropriate node
in the dataset list headedby the global variable D(seeFigure 9).

A PATTERNNODEhas both a downand a right �eld for the samereasonthat a VECTORNODEhas these
�elds: it allowsa list of patterns to besorted e�cien tly usingan implementation of mergesort that converts
an unsorted down-directed list into a sorted right-directed list (seethe SORTPATTERNVECTORSEQUENCES
algorithm in Figure 35).
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Figure 9: An example of a data structure generated by COMPUTETECS.

The vec seq �eld in a PATTERNNODEis usedto store an intervallic representation of the pattern stored
in the pattern �eld. This intervallic representation of the pattern is used together with the cardinalit y
of the pattern which is stored in the size �eld to enablea set P 00(D ) to be derived more e�cien tly from
P(D).

6.2 Reading and preparing the dataset

Line 1 of SIATECcalls the procedure READDATASETwhich is given in Figure 10. The pseudo-code used
here should be easy to read for anyone who has written programs in C or Pascal using linked list data
structures. If x is a pointer variable then the expressionx" y denotesthe �eld called y in the node pointed
to by x. The expressionx y should be read \ x becomesequal to y". Block structure is indicated by
indentation.

D; N ; K ; D ; k and n are as de�ned on page9 above. For each of the N K -dimensional datapoints p
in F (the �le whosename is FN|see lines 2 and 5 of READDATASET), READDATASETreadsp, computesthe
required k-dimensionalprojection of p and storesthe resulting k-dimensionaldatapoint in a down-directed
linked list of VECTORNODEs. This list of VECTORNODEs is headedby the global variable D (seeFigure 3).
For example, if

hh3; 3; 3i ; h3; 3; 2i ; h3; 1; 3i ; h1; 1; 3i ; h1; 1; 4i ; h1; 3; 5i i

is the sequenceof 3-d datapoints stored in a �le called \�lename.dat" then the procedurecall

READDATASET("filena me.dat" ,11 0)

would result in the linked list shown in Figure 11. Note that each vector in Figure 11 (and all the other
data structure diagrams that follow) is actually a linked list of NUMBERNODEs but to draw these in full
would clutter the diagrams.

It is assumedthat the function OPENFILE (Figure 10, line 5) attempts to open the �le whosename
is FNreturning a pointer to the beginning of the �le if it succeedsand NULLif it does not. The function
READDATAPOINT(lines 8 and 12) readsthe next K -dimensional datapoint from the �le F returning either
the required orthogonal projection of this datapoint or NULLif the end of the �le has beenreached. The
function MAKENEWVECTORNODE(lines 9 and 13) simply allocates a new VECTORNODE, initializes all its
�elds to NULLand returns a pointer to the new node.
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READDATASET(FN: dataset filename, SD : bit-vector indicating selected dimensions)
1 local variables
2 F : a file containing a dataset
3 d : a pointer to a NUMBERNODE
4 p : a VECTORNODEpointer

5 if (F  OPENFILE(FN)) = NULL
6 EXIT
7 D  NULL
8 if (d  READDATAPOINT(F,SD))6= NULL
9 D  MAKENEWVECTORNODE
10 p  D
11 p" vector  d
12 while (d  READDATAPOINT(F,SD))6= NULL
13 p" down  MAKENEWVECTORNODE
14 p  p" down
15 p" vector  d
16 CLOSEFILE(F)

Figure 10: READDATASETalgorithm.
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h1; 3 i

h1 ; 1 i

h1 ; 1 i

h3 ; 1 i

h3 ; 3 i

h3 ; 3 i

D

Figure 11: An example link ed list of VECTORNODEs constructed by READDATASET.
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SORTDATASET
1 local variables
2 ABOVEA, A, B, BELOWB, C : VECTORNODEpointers

3 while D 6= NULLand D" down 6= NULL
4 ABOVEA  NULL
5 A  D
6 D  NULL
7 repeat
8 if D 6= NULL
9 ABOVEA" down  NULL
10 B  A" down
11 A" down  NULL
12 BELOWB  B" down
13 B" down  NULL
14 C  MERGEDATASETROWS(A,B)
15 if D = NULL
16 D  C
17 else
18 ABOVEA" down  C
19 C" down  BELOWB
20 ABOVEA  C
21 A  ABOVEA" down
22 until A = NULLor A" down = NULL

Figure 12: SORTDATASETalgorithm.

The worst-casetime complexity of READDATASETis clearly O(K N ) sinceit involvesreading N vectors
each containing K numbers. Its worst-casespacecomplexity is O(kN ) sinceonly k of the K numbersread
from the �le for each datapoint are actually stored in memory.

The e�ciency of this implementation of SIATECdependsupon the dataset being sorted and this sorting
is done in line 2 of SIATECusing the procedureSORTDATASETshown in Figure 12. This procedure is an
implementation of merge sort that converts the unsorted down-directed list generatedby READDATASET
into a sorted right-directed list. On the �rst iteration of the outer while loop (lines 3{22), SORTDATASET
scansthe down-directed list of unsorted datapoints, merging each pair of consecutive datapoints into
a single, sorted, right-directed list. For example, Figure 13 shows the state of the linked list D after one
iteration of the outer while loop hasbeencompletedon the dataset list shown in Figure 11.On subsequent
iterations, each pair of adjacent right-directed lists is merged into a single list and the processcontin ues
until the whole list has been merged into a single, sorted, right-directed list. The merging processis
carried out by the algorithm MERGEDATASETROWSshown in Figure 14. Figure 15 shows the right-directed
list produced by SORTDATASETfrom the down-directed list shown in Figure 11.

The algorithm MERGEDATASETROWSis an implementation of the standard merge technique used in
merge sort. The function VL called in lines 5 and 14 of MERGEDATASETROWStakes two NUMBERNODE
pointer arguments, each representing a vector. The procedurecall VL(v1, v2) returns TRUEif and only if
v1 < v2 (vector inequality is de�ned in De�nition 7). It is well-known that the worst-caserunning time
for merge sort to sort a list of n items is O(n log2 n). The worst-caserunning time of SORTDATASETis
O(kN log2 N ) where k is the dimensionality of the required orthogonal projection D of the input dataset
D (seepage9) and N is the cardinalit y of D. This follows directly from two facts: 1) there are N items
in the dataset list headedby D; and 2) each comparisoncarried out by VL takesO(k) time. SORTDATASET
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Figure 13: The state of the link ed list Dafter one iteration of the outer while loop of SORTDATASETon the dataset
list in Figure 11.

MERGEDATASETROWS(A,B : VECTORNODEpointers)
1 local variables
2 a, b, C, c : VECTORNODEpointers

3 a  A
4 b  B
5 if VL(a" vector,b " vector)
6 C  a
7 a  a" right
8 else
9 C  b
10 b  b" right
11 C" right  NULL
12 c  C
13 while a 6= NULLand b 6= NULL
14 if VL(a" vector,b " vector)
15 c" right  a
16 a  a" right
17 else
18 c" right  b
19 b  b" right
20 c  c" right
21 c" right  NULL
22 if a = NULL
23 c" right  b
24 else
25 c" right  a
26 return C

Figure 14: MERGEDATASETROWSalgorithm.

n n n n n n n- - - - - -6 6 6 6 6 6
h1; 1 i h1 ; 1 i h1 ; 3 i h3 ; 1 i h3 ; 3 i h3 ; 3 i

D

Figure 15: The sorted, right-directed link ed list produced by SORTDATASETfrom the unsorted, down-directed
dataset list in Figure 11.
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SETIFYDATASET
1 local variables
2 d1 ,d 2 : VECTORNODEpointers

3 d1  D
4 while d1 6= NULLand d1" right 6= NULL
5 if VE(d1" right " vector,d 1" vector)
6 � Delete d1" right.
7 d2  d1" right
8 d1" right  d2" right
9 d2" right  NULL
10 d2  DISPOSEOFVECTORNODE(d2)
11 else
12 d1  d1" right

Figure 16: SETIFYDATASETalgorithm.

n n n n n- - - -6 6 6 6
h1; 1 i h1 ; 3 i h3 ; 1 i h3 ; 3 i

D

Figure 17: The link ed list that results when SETIFYDATASEThas been executed on the link ed list in Figure 15.

simply rearrangesthe nodesin the linked list createdby READDATASETand therefore usesno extra space.
As explained on page9, it is possiblefor more than one of the K -dimensional datapoints in D to be

projected onto the samek-dimensional datapoint in D . This meansthat the right-directed list headedby
D that results after the execution of SORTDATASETmay contain duplicate datapoints. If this is so, then
thesedatapoints will clearly be adjacent to each-other in the list and therefore can be removed using the
simple procedureSETIFYDATASETshown in Figure 16. This proceduredetermines for each datapoint di

whether or not it is equal to the one that precedesit in the list (di � 1) (line 5). If this is the case,then
di is deleted from the list. Otherwise we proceedto comparing di +1 with di . Each datapoint in the list
is therefore compared with one other preceding datapoint using the function VEwhich returns TRUEif
and only if the two datapoints are equal. VEruns in O(k) time therefore the worst-caserunning time of
SETIFYDATASETis O(kN ). SETIFYDATASETreducesthe amount of spaceused by the linked list D from
O(kN ) to O(kn). Figure 17 shows the linked list that results after SETIFYDATASEThas beenexecutedon
the sorted right-directed dataset list shown in Figure 15.

6.3 Computing all in ter-datap oin t vectors

De�nition 14 suggeststhat computing P 0(D ) would require computing the set

V0(D ) = f d1 � d2 j d1; d2 2 D ^ d1 > d2g (31)

which is lessthan half the sizeof the set

V(D) = f d1 � d2 j d1; d2 2 Dg (32)

In a previous version of SIATEC, we did indeed only compute V0(D ). However, we then discovered that
computing the full setV(D) allowedus to usea signi�can tly moree�cien t implementation of the procedure
COMPUTETECSwhich is called in line 12 of SIATEC(seesection 6.6 below). Indeed, by using V(D) instead
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COMPUTEVECTORS
1 local variables
2 d1 ,d 2 ,p,v : VECTORNODEpointers

3 V  NULL
4 if D 6= NULLand D" right 6= NULL
5 d1  D
6 while d1 6= NULL
7 p  d1

8 d2  D
9 while d2 6= NULL
10 � Make new VECTOR NODE under d1 .
11 p" down  MAKENEWVECTORNODE
12 p  p" down
13 � Connect p to d1 .
14 p" right  d1

15 p" vector  VM(d2" vector,d 1" vector)
16 if VE(d1" vector,d 2" vector) and d1" right 6= NULL
17 if V = NULL
18 V  MAKENEWVECTORNODE
19 v  V
20 else
21 v" right  MAKENEWVECTORNODE
22 v  v" right
23 v" down  p
24 d2  d2" right
25 d1  d1" right

Figure 18: COMPUTEVECTORSalgorithm.

of V0(D ) we were able to reduce the worst-caserunning time of COMPUTETECSfrom O(kn3 log2 n) in our
previous version to O(kn3) in the versiondescribed here. In our implementation, V(D) is computed using
the procedureCOMPUTEVECTORSshown in Figure 18.

Recall that we denote by � = h� 1; � 2; : : : � n i the ordered set that results from sorting the dataset D =
f d1; d2; : : : dn g so that all the datapoints are in increasing order. COMPUTEVECTORSe�ectiv ely computes
the table of vectors shown in Table 2. Becausethe dataset is sorted each row of inter-datapoint vectors
in this table is sorted in increasingorder from left to right and each column is sorted in increasingorder
from top to bottom. Thesetwo features are usedto compute P 0(D ) and T 0(D ) more e�cien tly .

In this implementation, � is represented by the right-directed dataset list headedby D that results
after SETIFYDATASEThasbeenexecutedin line 3 of SIATEC(seeFigure 19). Figure 20 shows the structure
computed by COMPUTEVECTORSfor the dataset list shown in Figure 19. This data structure is essentially
a linked list representation of Table 2. Let us denote by � v the VECTORNODEin the structure in Figure 20

n n n n- - -6 6 6
� 1 � 2 � n

D

Figure 19: The link ed list representation of the sorted dataset � .
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From
� 1 � 2 � � � � n � 1 � n

� 1 � 1 � � 1 � 1 � � 2 � � � � 1 � � n � 1 � 1 � � n

� 2 � 2 � � 1 � 2 � � 2 � � � � 2 � � n � 1 � 2 � � n

To
...

...
...

. . .
...

...
� n � 1 � n � 1 � � 1 � n � 1 � � 2 � � � � n � 1 � � n � 1 � n � 1 � � n

� n � n � � 1 � n � � 2 � � � � n � � n � 1 � n � � n

Table 2: The table of vectors represented by the data structure generated by COMPUTEVECTORS.
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6

6

6

6 6

6- --V

Figure 20: The data structure generated by COMPUTEVECTORS.

whosevector �eld stores the result of evaluating a sentence denoted by v. COMPUTEVECTORSconstructs
for each datapoint node � � i a down-directed list of VECTORNODEs, � � 1 � � i down to � � n � � i , headed by
� � i " down(seeFigure 20).

Note that

� � j � � i " right = � � i

for each node � � j � � i . Note also that COMPUTEVECTORSconstructs the right-directed linked list V which
storesthe node � � i � � i for each datapoint � i . Thesetwo featuresare usedto compute the set P 0(D ) more
e�cien tly (seesection 6.4 below).

COMPUTEVECTORScalculates the vector d1 � d2 for all pairs of datapoints d1; d2 2 D, making a total
of n2 vectors to be computed. Each of these vector subtractions is carried out by the function VMcalled
in line 15. This function takes two NUMBERNODEpointer arguments, each representing a vector. The call
VM(v1, v2) returns a pointer to a NUMBERNODElist representing the vector v1 � v2. Each of thesen2 vector
subtractions takesO(k) time (recall that k is the dimensionality of D , the required orthogonal projection
of D). This implies that the worst-caserunning time of COMPUTEVECTORSis O(kn2). The resulting data
structure, as can be seenin Figure 20, occupiesO(kn2) space.

6.4 Computing P0(D)

Lines 5 to 7 of SIATECcompute the set P 0(D ) de�ned in Eq.13 above. The fact that

� � j � � i " right = � � i



6 SIATEC: A CLOSER LOOK 24

CONSTRUCTVECTORTABLE
1 local variables
2 p, v, w : VECTORNODEpointers

3 p  V
4 while p 6= NULL
5 v  p" down" down
6 w  p
7 while v 6= NULL
8 w" down  MAKENEWVECTORNODE
9 w  w" down
10 w" right  v
11 v  v" down
12 p  p" right

Figure 21: CONSTRUCTVECTORTABLEalgorithm.
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Figure 22: The data structure V constructed by CONSTRUCTVECTORTABLE.

in the data structure shown in Figure 20 meansthat P 0(D ) can be computed simply by sorting the nodes
corresponding to the vectors below the leading diagonal of Table 2.2 However, the e�cien t computation
of T 0(D ) carried out by COMPUTETECSin line 12 of SIATECrelies upon the fact that the down-directed
VECTORNODElists (� � 1 � � i to � � n � � i in Figure 20) remain sorted in increasingorder from top to bottom.
Therefore we cannot actually changethe order of the nodesin Figure 20. To get around this problem, we
use the linked list V in Figure 20 and the procedure CONSTRUCTVECTORTABLE(Figure 21) to construct
the data structure shown in Figure 22. This data structure is a representation of the region of Table 2
below the leading diagonal and the nodes in this data structure can safely be sorted without disturbing
the arrangement in Figure 20.

The data structure in Figure 22 consistsof n � 1 down-directed lists. The list headedby the downnode
of the j th node in the right-directed list headedby V contains n � j nodes. There are therefore n (n � 1)

2
nodesconstructedby CONSTRUCTVECTORTABLE. The worst-caserunning time of CONSTRUCTVECTORTABLE
is therefore O(n2) (note that this is independent of k, the dimensionality of D ). The total spaceusedby
SIATECup to the completion of CONSTRUCTVECTORTABLEremains O(kn2).

We shall now present an exampleof how simply sorting the data structure in Figure 22 yields P 0(D ).
Let us consider the dataset in Figure 23. Figure 24 shows the table of vectors represented by the data
structure V computed by CONSTRUCTVECTORTABLEfor this dataset. This table corresponds to the data

2 If we denote by vi;j the location in the i th column and j th row of a matrix or table (counting left-to-righ t and top-to-
bottom respectively), then the leading diagonal is the set of locations f vi;j j i = j g.
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Figure 23: A simple two-dimensional dataset.

h3; 2 i

h2 ; 3 i

h2 ; 2 i

h2 ; 1 i

h1 ; 3 i

h2 ; 1 i

h1 ; 2 i

h1 ; 1 i

h1 ; 0 i

h0 ; 2 i

h2 ; � 1 i

h1 ; 0 i

h1 ; � 1 i

h1 ; � 2 i

h1 ; 1 i

h0 ; 2 i

h0 ; 1 i

h1 ; 0 i

h0 ; 1 i

h1 ; � 1 i

h1 ; 1 i h1 ; 3 i h2 ; 1 i h2 ; 2 i h2 ; 3 i

6 6 6 6 6

F rom

T o

Figure 24: The vector table constructed by CONSTRUCTVECTORTABLEfor the dataset in Figure 23.
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h2; 1 i

h2 ; � 1 i

h1 ; 2 i

h1 ; 1 i

h1 ; 1 i

h1 ; 0 i

h1 ; 0 i

h1 ; 0 i

h1 ; � 1 i

h1 ; � 1 i

h1 ; � 2 i

h0 ; 2 i

h0 ; 2 i

h0 ; 1 i

h0 ; 1 i

h1 ; 1 i

h1 ; 3 i

h1 ; 1 i

h2 ; 1 i

h1 ; 1 i

h2 ; 2 i

h1 ; 3 i

h1 ; 1 i

h2 ; 3 i

h1 ; 3 i

h1 ; 3 i

h2 ; 1 i

h1 ; 1 i

h2 ; 2 i

h2 ; 1 i

V ector Datap oint

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

Figure 25: The list that results from sorting the vectors in the table in Figure 24.

structure shown in Figure 22. Each entry in the table in Figure 24 is linked to the datapoint at the top of
its column to represent the fact that

� � j � � i " right = � � i

in Figure 20. We now sort the entries in the table in Figure 24 to obtain the list of vectors shown in
Figure 25. Note that each vector v in this list is still linked to the datapoint at the head of the column in
Figure 24 that contained v. Simply reading o� all the datapoints attached to the adjacent occurrencesof
a given vector v in this list yields the maximal translatable pattern for v. P 0(D ) can be obtained simply
by scanning the list once, reading o� the attached datapoints and starting a new pattern each time the
vector changes.Each box in the right-hand column of Figure 25 corresponds to a maximal translatable
pattern.

From the foregoing discussion, it should be clear that the next step after executing
CONSTRUCTVECTORTABLEis to sort the nodes in the resulting data structure (Figure 22). This is done
using SORTVECTORS(Figure 26), an implementation of mergesort that converts the structure in Figure
22 into a single, sorted, down-directed list representing a list of vectors like the one in Figure 25.

SORTVECTORSworks in a way that is essentially identical to SORTDATASET(see Figure 12). Each
pair of adjacent down-directed lists in Figure 22 is merged into a single list using the procedure
MERGEVECTORCOLUMNS(Figure 27) which is called in line 14 of SORTVECTORS. Each iteration of the
main while loop (Figure 26, lines 3 to 22) corresponds to one passalong the right-directed list of lists
headedby V. This while loop terminates when the complete structure has been converted into a single
down-directed list|that is, when V" right = NULL. This leavesa singlesentinel node at the top of the list
that is not associated with any vector. This sentinel is removedin lines23 to 28of SORTVECTORSproducing
a sorted, down-directed list like the one in Figure 28. The procedure DISPOSEOFVECTORNODEcalled in
line 27 of SORTVECTORStakesa single VECTORNODEpointer argument v. It deallocates the VECTORNODE
pointed to by v and any other nodes connectedto v. Therefore, if one wishes to remove only the node
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SORTVECTORS
1 local variables
2 BEFOREA, A, B, AFTERB, C : VECTORNODEpointers

3 while V 6= NULLand V" right 6= NULL
4 BEFOREA  NULL
5 A  V
6 V  NULL
7 repeat
8 if V 6= NULL
9 BEFOREA" right  NULL
10 B  A" right
11 A" right  NULL
12 AFTERB  B" right
13 B" right  NULL
14 C  MERGEVECTORCOLUMNS(A,B)
15 if V = NULL
16 V  C
17 else
18 BEFOREA" right  C
19 C" right  AFTERB
20 BEFOREA  C
21 A  BEFOREA" right
22 until A = NULLor A" right = NULL
23 � Final ly we delete the sentinel node pointed to by V.
24 if V 6= NULL
25 A  V" down
26 V" down  NULL
27 DISPOSEOFVECTORNODE(V)
28 V  A

Figure 26: SORTVECTORSalgorithm.
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MERGEVECTORCOLUMNS(A,B : VECTORNODEpointers)
1 local variables
2 a, b, C, c : VECTORNODEpointers

3 a  A" down
4 b  B" down
5 C  A
6 C" down  NULL
7 c  C
8 while a 6= NULLand b 6= NULL
9 if VL(b" right " vector,a " right " vector)
10 c" down  b
11 b  b" down
12 else
13 c" down  a
14 a  a" down
15 c  c" down
16 c" down  NULL
17 if a = NULL
18 c" down  b
19 else
20 c" down  a
21 return C

Figure 27: MERGEVECTORCOLUMNSalgorithm.

pointed to by v, both the downand right �elds of v should be NULLbefore DISPOSEOFVECTORNODEis
called.

The number of items to be sorted by SORTVECTORSis equal to n (n � 1)
2 , the number of entries below

the leading diagonal in Table 2. Each comparisoninvolvesa call to VL in line 9 of MERGEVECTORCOLUMNS
which takes O(k) time. The worst-caserunning time of SORTVECTORSis therefore O(kn2 log2(n2)) =
O(kn2 log2 n). No extra spaceis usedin the process.In fact, the total amount of spacedusedis reducedby
n� 1 VECTORNODEsbecauseeach sentinel node that headsa down-directed list in Figure 22 is removed.The
total worst-casespaceusedby SIATECup to the completion of SORTVECTORStherefore remains O(kn2).

We now present a formal proof that SORTVECTORSyields P 0(D ). The data structure generated by
CONSTRUCTVECTORTABLE(seeFigures 22 and 24) is essentially a representation of the set of orderedpairs
Z (D), de�ned as follows.

De�nition 16 If D is a dataset then

Z (D) = f hd2 � d1; d1i j d1; d2 2 D ^ d2 > d1g (33)

We now prove two lemmasconcerningZ (D).

Lemma 7 If D is a datasetand d1; d2; d3; d4 2 D then

d2 6= d4 _ d1 6= d3 ) hd1 � d2; d2 i 6= hd3 � d4; d4 i (34)

Proof



6 SIATEC: A CLOSER LOOK 29

n n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n n

h2; 1 i

h2 ; � 1 i

h1 ; 2 i

h1 ; 1 i

h1 ; 1 i

h1 ; 0 i

h1 ; 0 i

h1 ; 0 i

h1 ; � 1 i

h1 ; � 1 i

h1 ; � 2 i

h0 ; 2 i

h0 ; 2 i

h0 ; 1 i

h0 ; 1 i

h1 ; 1 i h1 ; 3 i h2 ; 1 i h2 ; 2 i h2 ; 3 i h3 ; 2 i

- - - - - -

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

6 6 6 6 6 6

?

?

?

?

?

?

?

?

?

?

?

?

?

?

?

6 6 6 6 6
6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

V
D

Figure 28: The data structure headed by V at the conclusion of SORTVECTORSfor the dataset in Figure 23.
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d2 6= d4 ) hd1 � d2 ; d2 i 6= hd3 � d4 ; d4 i (35)

d1 6= d3 ^ d2 = d4 ) d1 � d2 6= d3 � d4

) hd1 � d2 ; d2 i 6= hd3 � d4 ; d4 i (36)

Eq.35 and Eq.36 together imply that

d2 6= d4 _ d1 6= d3 ) hd1 � d2 ; d2 i 6= hd3 � d4 ; d4 i

�

Lemma 8 If D is a datasetof order n then

jZ (D)j =
n(n � 1)

2
(37)

Proof
De�nition 16 and Lemma 7 together imply that jZ (D )j is equal to the number of elements in the set

f hd1 ; d2 i j d1 ; d2 2 D ^ d2 > d1g (38)

which has the samecardinalit y as the set

ff d1 ; d2g j d1 ; d2 2 D g (39)

The cardinalit y of the set in Eq.39 is equal to the number of distinct combinations possiblewhen 2 distinct objects
are drawn from a set of n distinct objects. This implies that

jZ (D )j =

 
n
2

!

=
n!

(n � 2)!2!

=
n(n � 1)

2

�

De�nition 17 If D is a datasetand z is an ordered pair of the form he � d;di where e;d 2 D then

F (z; Z (D)) = f y j y 2 Z (D) ^ y[1] = z[1]g (40)

Figure 25 shows the complete set Z (D) for the dataset in Figure 23. Each row in this list corresponds
to an ordered pair z = hd2 � d1; d1i in Z (D). By sorting Z (D) so that the vectorsare in increasingorder,
the list has e�ectiv ely been partitioned into classesof adjacent rows such that each class contains all
the ordered pairs z for a particular vector. Each of these classesof ordered pairs corresponds to a set
F (z; Z (D)). For example, if we denote the dataset in Figure 23 by D 1, then the �rst classof ordered pairs
in the list in Figure 25 corresponds to the set

F (hh0; 1i ; h2; 1i i ; Z (D 1)) = fhh0; 1i ; h2; 1ii ; hh0; 1i ; h2; 2iig



6 SIATEC: A CLOSER LOOK 31

De�nition 18 If D is a dataset then

Z(D) = f F (z; Z (D)) j z 2 Z (D)g (41)

The set Z(D) corresponds to the partition of Z (D) represented by the sorted list that results after
SORTVECTORShas beenexecuted(seeFigures 25 and 28). We now prove formally that Z(D) is indeed a
partition of Z (D).

Lemma 9 If D is a dataset then Z(D) is a partition of Z (D).

Proof
To prove this lemma, we need to prove all three of the following:

z 2 Z (D ) ) (9F j F 2 Z(D ) ^ z 2 F ) (42)

F 2 Z(D ) ^ z 2 F ) z 2 Z (D ) (43)

F1 ; F2 2 Z(D ) ^ F1 6= F2 ^ z 2 F1 ) z =2 F2 (44)

From De�nition 17 we know that

z 2 Z (D ) ^ z[1] = z[1] ) z 2 F (z; Z (D ))

Clearly z[1] = z[1] therefore
z 2 Z (D ) ) z 2 F (z; Z (D )) (45)

From De�nition 18 we know that
z 2 Z (D ) ) F (z; Z (D )) 2 Z(D ) (46)

Eq.45 and Eq.46 together prove Eq.42.
From De�nition 18 we can deduce that

F 2 Z(D ) ) 9y j F = F (y; Z (D )) ^ y 2 Z (D ) (47)

Let y 2 Z (D ) and let F = F (y; Z (D )). If

F = F (y; Z (D )) ^ y 2 Z (D ) ^ z 2 F

then it follows that
z 2 F (y; Z (D )) ^ y 2 Z (D ) (48)

But from De�nition 17 we know that if Eq.48 holds then z 2 Z (D ) which provesEq.43.
From De�nition 18 we know that

F1 2 Z(D ) ) 9z1 j F1 = F (z1 ; Z (D )) ^ z1 2 Z (D ) (49)

F2 2 Z(D ) ) 9z2 j F2 = F (z2 ; Z (D )) ^ z2 2 Z (D ) (50)

Let z1 ; z2 2 Z (D ) and let F1 = F (z1 ; Z (D )) and F2 = F (z2 ; Z (D )). It follows from De�nition 17 that

F1 6= F2 ) F (z1 ; Z (D )) 6= F (z2 ; Z (D ))

) f y j y 2 Z (D ) ^ y[1] = z1 [1]g 6=
�

y0 j y0 2 Z (D ) ^ y0[1] = z2 [1]
	

) (9y0 j y0[1] = z2 [1] ^ y0[1] 6= z1 [1]) _ (9y j y[1] = z1 [1] ^ y[1] 6= z2 [1])

) z2 [1] 6= z1 [1] (51)

From De�nition 17 it follows directly that

z 2 F1 ) z 2 Z (D ) ^ z[1] = z1 [1] (52)

From Eq.51 and Eq.52 we deduce that
z 2 F1 ) z[1] 6= z2 [1]
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which, taken with De�nition 17, implies

z =2 F (z2 ; Z (D )) ) z =2 F2

thus proving Eq.44. �

We now provethat the number of nodesin the down-directed list generatedby SORTVECTORSis always
n (n � 1)

2 .

Lemma 10 If D is a dataset then
X

F 2 Z (D )

jF j =
n(n � 1)

2
(53)

Proof
From Lemma 9 we know that Z(D ) is a partition of Z (D ). Therefore

X

F 2 Z ( D )

jF j = jZ (D )j

But from Lemma 8 we know that

jZ (D )j =
n(n � 1)

2
therefore X

F 2 Z ( D )

jF j =
n(n � 1)

2

�

De�nition 19 If F 2 Z(D) then
� (F ) = f y[2] j y 2 F g

Each boxed set of datapoints in the right-hand column of Figure 25 corresponds to � (F (z; Z (D))) for
one of the classesF (z; Z (D)) 2 Z(D). (Recall that the sorted list in Figure 25 represents the partition
Z(D) for the dataset in Figure 23).

Lemma 11 If D is a dataset and z 2 Z (D) then

j� (F (z; Z (D))) j = jF (z; Z (D)) j (54)

Proof
From De�nition 17 it follows that if z1 ; z2 2 F (z; Z (D )) then z1 [1] = z2 [1]. This, in turn, implies that if

z1; z2 2 F (z; Z (D )) and z1 6= z2 then z1 [2] 6= z2 [2]. This, together with De�nition 19 implies that j� (F (z; Z (D ))) j =
jF (z; Z (D )) j. �

We now prove that each of the boxed sets of datapoints in Figure 25 is the maximal translatable
pattern for the vector associated with it.

Theorem 1 If D is a dataset and z 2 Z (D) then

� (F (z; Z (D))) = p(z[1]; D ) (55)
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Proof
De�nition 11 implies that

p(z[1]; D ) = f d j d 2 D ^ d + z[1] 2 D g (56)

De�nition 19 implies that
� (F (z; Z (D ))) = f y[2] j y 2 F (z; Z (D ))g (57)

De�nition 17 and Eq.57 imply that

� (F (z; Z (D ))) = f y[2] j y 2 f x j x 2 Z (D ) ^ x[1] = z[1]gg

= f y[2] j y 2 Z (D ) ^ y[1] = z[1]g (58)

Eq.58 and De�nition 16 imply

� (F (z; Z (D ))) = f y[2] j y 2 f hd2 � d1 ; d1 i j d1 ; d2 2 D ^ d2 > d1g ^ y[1] = z[1]g

= f d1 j d1 ; d2 2 D ^ d2 > d1 ^ z[1] = d2 � d1g

= f d1 j d1 ; d2 2 D ^ d2 > d1 ^ d2 = d1 + z[1]g (59)

It is clear that
d2 > d1 ^ d2 = d1 + z[1] ( ) z[1] > 0 ^ d2 = d1 + z[1] (60)

Eq.59 and Eq.60 together imply

� (F (z; Z (D ))) = f d1 j d1 ; d2 2 D ^ z[1] > 0 ^ d2 = d1 + z[1]g (61)

De�nition 16 implies that
z 2 Z (D ) ) z[1] > 0 (62)

Eq.61 and Eq.62 imply

� (F (z; Z (D ))) = f d1 j d1 ; d2 2 D ^ d2 = d1 + z[1]g

= f d1 j d1 2 D ^ d1 + z[1] 2 D g (63)

Eq.56 and Eq.63 imply
� (F (z; Z (D ))) = p(z[1]; D )

�

De�nition 20 If D is a dataset then

�( D ) = f � (F (z; Z (D))) j z 2 Z (D)g (64)

If D1 is the dataset in Figure 23 then �( D 1) is the set that only contains every boxed set of datapoints
in the right-hand column of Figure 25.

We now prove that �( D ) = P 0(D ) and therefore that the sorted list of nodes generated by
SORTVECTORSdoesindeed represent P 0(D ).

Theorem 2 If D is a dataset then
P0(D ) = �( D ) (65)

Proof
Theorem 1 and De�nition 20 imply

�( D ) = f p(z[1]; D ) j z 2 Z (D )g (66)
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Eq.66 and De�nition 16 imply

�( D ) = f p(z[1]; D ) j z 2 fhd2 � d1 ; d1 i j d1 ; d2 2 D ^ d2 > d1gg

= f p(d2 � d1 ; D ) j d1 ; d2 2 D ^ d2 > d1g (67)

Eq.67 and De�nition 14 imply
P 0(D ) = �( D )

�

We now prove that the sum of the sizesof all the maximal translatable patterns in P 0(D ) is lessthan
or equal to n (n � 1)

2 .

Theorem 3 If D is a dataset of cardinality n then

X

p2 P 0(D )

jpj �
n(n � 1)

2
(68)

Proof
Theorem 2 implies that X

p2 P 0( D )

jpj =
X

� 2 �( D )

j� j (69)

Defs.18, 19 and 20 imply
j�( D )j � jZ(D )j (70)

Lemma 11, Eq.70, De�nition 18 and De�nition 20 taken together imply
X

� 2 �( D )

j� j �
X

F 2 Z ( D )

jF j (71)

Eq.71 and Lemma 10 imply that
X

� 2 �( D )

j� j �
n(n � 1)

2
(72)

Eq.72 and Eq.69 imply
X

p2 P 0( D )

jpj �
n(n � 1)

2

�

Theorem3 followsfrom the fact that �( D ) is derivedfrom Z (D) simply by partitioning Z (D). Theorem
3 is critical for computing the worst-caserunning time of the procedurescalled in lines 7 to 13 of SIATEC.

As explained above, the data structure generated by SORTVECTORScan be used directly to output
P0(D ). However, the purposeof SIATECis to compute T 0(D ) and this processcan be simpli�ed by convert-
ing the data structure produced by SORTVECTORS(Figures 25 and 28) into a more explicit representation
of P 0(D ). This conversion is carried out using the procedureCONSTRUCTPATTERNLIST de�ned in Figure
29. CONSTRUCTPATTERNLIST is called in line 7 of SIATEC. Figure 30 shows the data structure that results
when CONSTRUCTPATTERNLIST is carried out on the data structure shown in Figure 28.

As can be seenin Figure 30, CONSTRUCTPATTERNLIST builds a down-directed list of PATTERNNODEs.
The pattern �eld of each of thesenodesis madeto point to a right-directed list of VECTORNODEs that indi-
rectly represents oneof the maximal translatable patterns in P 0(D ). The function MAKENEWPATTERNNODE
called in line 7 of CONSTRUCTPATTERNLIST allocatesa new PATTERNNODE, setting its size �eld to 0 and
all its pointer �elds to NULL.
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CONSTRUCTPATTERNLIST
1 local variables
2 p : a PATTERNNODEpointer
3 v1 , v2 , q : VECTORNODEpointers

4 P  NULL
5 if V 6= NULL
6 v1  V
7 P  MAKENEWPATTERNNODE
8 p  P
9 while v1 6= NULL
10 p" pattern  MAKENEWVECTORNODE
11 q  p" pattern
12 q" down  v1" right " right
13 v2  v1" down
14 while v2 6= NULLand VE(v2" right " vector,v 1" right " vector)
15 q" right  MAKENEWVECTORNODE
16 q  q" right
17 q" down  v2" right " right
18 v2  v2" down
19 v1  v2

20 if v1 6= NULL
21 p" down  MAKENEWPATTERNNODE
22 p  p" down

Figure 29: CONSTRUCTPATTERNLIST algorithm.
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VECTORIZEPATTERNS
1 local variables
2 p : a PATTERNNODEpointer
3 v, q : VECTORNODEpointers

4 p  P
5 while p 6= NULL
6 p" vec seq  MAKENEWVECTORNODE
7 v  p" vec seq
8 q  p" pattern
9 while q" right 6= NULL
10 v" right  MAKENEWVECTORNODE
11 v  v" right
12 v" vector  VM(q" right " down" vector,q " down" vector)
13 q  q" right
14 p  p" down

Figure 31: VECTORIZEPATTERNSalgorithm.

CONSTRUCTPATTERNLIST simply scansonce the down-directed list headedby V (seeFigure 28). For
each node, if the vector is di�eren t from the last one a new PATTERNNODEis created and if the vector is
the sameas the last one a new VECTORNODEis added to the pattern list for the current PATTERNNODE.
The worst-caserunning time of CONSTRUCTPATTERNLIST is proportional to the length of the list headed
by V which was shown above to be n (n � 1)

2 (Lemma 8). The running time is therefore O(kn2) becausefor
each node in the list, the function VE(whoserunning time is O(k)) must be executed(Figure 29, line 14).
After execution of CONSTRUCTPATTERNLIST the overall spacecomplexity of SIATECremains O(kn2).

6.5 Computing P00(D)

An examination of Figure 30 reveals that the pattern fh1; 1i ; h2; 1i g occurs twice|it is the maximal
translatable pattern for both the vector h0; 2i and the vector h1; 1i (seeFigure 25). It can alsobe seenthat
another pattern in the list is f h1; 3i h2; 3i g which is translationally equivalent to fh1; 1i ; h2; 1i g. Clearly,
all these patterns are members of the sameTEC so we only need to compute the TEC of one of these
patterns. Therefore, as described on page 13, before computing T 0(D ) we compute the partition P(D)
(de�ned in Eqs.26and 27) and then construct a set P 00(D ) that contains exactly one pattern from each
E 2 P(D). This guaranteesthat there are no patterns in P 00(D ) that are translationally equivalent, thus
ensuring that the procedure COMPUTETECS(Figure 2, line 12) does no more work than necessary. The
procedurescalled in lines 8 to 11 of SIATECconstruct such a set P 00(D ) from the list of patterns generated
by CONSTRUCTPATTERNLIST.

The �rst step in this processis carried out by the procedureVECTORIZEPATTERNSwhich is called in line
8 of SIATEC. This procedureis de�ned in Figure 31.For each pattern p in the list headedby the global vari-
able P that results after the execution of CONSTRUCTPATTERNLIST (seeFigure 30), VECTORIZEPATTERNS
computesan intervallic representation of p which is stored in the vec seq �eld of the PATTERNNODErepre-
senting p. Figure 32 shows the data structure that results when VECTORIZEPATTERNShas beenexecuted
on the data structure shown in Figure 30.

Each pattern is represented in the data structure as a right-directed list headedby the pattern �eld
of a PATTERNNODE. This right-directed list actually represents an ordered set of datapoints in which the
datapoints are in increasingorder. This ordering is a result of the way that SORTVECTORSoperatesand the
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Figure 32: The data structure that results after VECTORIZEPATTERNShas executed for the dataset in Figure 23.
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fact that the dataset list is sorted. The fact that each pattern representation is ordered in this way means
that two patterns will have an identical intervallic representation as computed by VECTORIZEPATTERNSif
and only if they are translationally equivalent (see,for example, the second,fourth and sixth patterns in
the list shown in Figure 32).

We now formalize this concept of \in tervallic representation".

De�nition 21 An object � is a vector sequence if and only if it is an ordered set of vectors. � is a
k-dimensional vector sequence if and only if every vector in � has cardinality k.

Let
pi =

�
di; 1; di; 2; : : : di; j pi j

	

be one of the patterns in the list of patterns generatedby CONSTRUCTPATTERNLIST and let


 i =
�

� i; 1; � i; 2; : : : � i; j pi j
	

be the orderedset of datapoints that results from sorting pi so that the datapoints are in increasingorder.
The procedureVECTORIZEPATTERNStakeseach pattern pi and computes the vector sequence

� i =
j pi j� 1M

j =1

h� i;j +1 � � i;j i (73)

The worst-caserunning time of VECTORIZEPATTERNSis linear in the sum of the cardinalities of all the
patterns pi which was shown in Lemma 10 to be equal to

n(n � 1)
2

For each datapoint but onein each pattern, the vector subtraction in line 12 of VECTORIZEPATTERNSmust
be computed. Each of thesevector subtractions takesO(k) time therefore the overall worst-caserunning
time of VECTORIZEPATTERNSis O(kn2). The overall spaceusedremains O(kn2).

If the PATTERNNODEs headedby P are sorted by their vec seq �elds then all the patterns with a given
intervallic representation will be adjacent to each-other in the list and we will e�ectiv ely have computed
the partition P(D).

Clearly, if two patterns have di�eren t cardinalities then they are not translationally equivalent. We
can therefore make this sorting processmore e�cien t by �rst computing the cardinalit y of each pattern
and storing this integer in the size �eld of the PATTERNNODEfor the pattern. This is more e�cien t than
computing the pattern cardinalities \on the 
y" during the sorting processitself. Using the latter strategy,
each time a pair of patterns is compared one must compute the cardinalities of both patterns. If there
are m patterns, then using merge sort this would involve O(m log2 m) pattern-cardinalit y computations
whereasif we simply compute the cardinalities of the patterns in advance,only O(m) pattern-cardinalit y
computations are necessary.

This
one-time computation of pattern cardinalities is carried out by the procedure COMPUTEPATTERNSIZES
which is de�ned in Figure 33. The worst-caserunning time for COMPUTEPATTERNSIZESis proportional
to the sum of the cardinalities of the patterns in the list headedby P. From Lemma 10 we can deduce
that this running time is therefore O(n2). This running time is independent of the dimensionality of the
dataset sincewe are simply counting the number of datapoints in each pattern.

Figure 34 shows the data structure that results after COMPUTEPATTERNSIZEShas been executedfor
the dataset in Figure 23. The only di�erence between Figure 34 and Figure 32 is that each pattern's
cardinalit y has beencomputed and stored in the size �eld of the pattern's PATTERNNODE.
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COMPUTEPATTERNSIZES
1 local variables
2 p : a PATTERNNODEpointer
3 q : a VECTORNODEpointer

4 p  P
5 while p 6= NULL
6 q  p" pattern
7 p" size  0
8 while q 6= NULL
9 p" size  p" size + 1
10 q  q" right
11 p  p" down

Figure 33: COMPUTEPATTERNSIZESalgorithm.
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SORTPATTERNVECTORSEQUENCES
1 local variables
2 ABOVEA, A, B, BELOWB, C : PATTERNNODEpointers

3 while P 6= NULLand P" down 6= NULL
4 ABOVEA  NULL
5 A  P
6 P  NULL
7 repeat
8 if P 6= NULL
9 ABOVEA" down  NULL
10 B  A" down
11 A" down  NULL
12 BELOWB  B" down
13 B" down  NULL
14 C  MERGEPATTERNROWS(A,B)
15 if P = NULL
16 P  C
17 else
18 ABOVEA" down  C
19 C" down  BELOWB
20 ABOVEA  C
21 A  ABOVEA" down
22 until A = NULLor A" down = NULL

Figure 35: SORTPATTERNVECTORSEQUENCESalgorithm.

The partition P(D) can now be computed e�cien tly by simply sorting the down-directed list
of PATTERNNODEs headed by P. This is done using the procedure SORTPATTERNVECTORSEQUENCES
(Figure 35), an implementation of merge sort that converts the unsorted down-directed list headed
by P into a sorted right-directed list. SORTPATTERNVECTORSEQUENCESworks in essentially the
same way as SORTDATASET(Figure 12). The function MERGEPATTERNROWScalled in line 14 of
SORTPATTERNVECTORSEQUENCESmergestwo sorted right-directed lists into a single list using the com-
parison function PVSL. MERGEPATTERNROWSis de�ned in Figure 36 and PVSLis de�ned in Figure 37.

We now formalize the concept of vector sequence inequality that is used in
SORTPATTERNVECTORSEQUENCES.

De�nition 22 If � 1 and � 2 are two vector sequences then

� 1 < � 2

if and only if one of the following conditions is satis�ed:

1. j� 1j < j� 2j;

2. j� 1j = j� 2j and � 1[1] < � 2[1];

3. j� 1j = j� 2j and there exists an integer j such that j > 1 and � 1[j ] < � 2[j ] and � 1[i ] = � 2[i ] for all i
such that 1 � i < j .
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MERGEPATTERNROWS(A,B : PATTERNNODEpointers)
1 local variables
2 a, b, C, c : PATTERNNODEpointers

3 a  A
4 b  B
5 if PVSL(b,a)
6 C  a
7 a  a" right
8 else
9 C  b
10 b  b" right
11 C" right  NULL
12 c  C
13 while a 6= NULLand b 6= NULL
14 if PVSL(b,a)
15 c" right  a
16 a  a" right
17 else
18 c" right  b
19 b  b" right
20 c  c" right
21 c" right  NULL
22 if a = NULL
23 c" right  b
24 else
25 c" right  a
26 return C

Figure 36: MERGEPATTERNROWSalgorithm.

PVSL(p1 , p2 : PATTERNNODEpointers)
1 if p1" size < p2" size
2 return TRUE
3 if p1" size > p2" size
4 return FALSE
5 return VECLIST LESSTHAN(p1" vec seq" right, p2" vec seq" right)

Figure 37: PVSLalgorithm.



6 SIATEC: A CLOSER LOOK 42

VECLIST LESSTHAN(p1 , p2 : VECTORNODEpointers)
1 if p1 = NULLand p2 = NULL
2 return FALSE
3 if VL(p1" vector, p2" vector)
4 return TRUE
5 if VL(p2" vector, p1" vector)
6 return FALSE
7 return VECLIST LESSTHAN(p1" right, p2" right)

Figure 38: VECLIST LESSTHANalgorithm.

The function PVSLimplements the binary relation `< ' as this applies to vector sequencesaccording to
De�nition 22.

If the ordering of the two patterns to be comparedcannot be determined from their cardinalities (lines
1{4 of PVSL) then the recursive function VECLIST LESSTHANis called. This function is de�ned in Figure
38. VECLIST LESSTHANe�ectiv ely implements the secondand third conditions in De�nition 22.

The e�ect of SORTPATTERNVECTORSEQUENCESis to produce a right-directed list of PATTERNNODEs in
which the patterns are sorted so that their associated vector sequencesare in non-increasing order. The
larger patterns therefore end up nearer the head of the list.

We now demonstrate that the worst-case running time of SORTPATTERNVECTORSEQUENCESis
O(kn2 log2 n) where k and n are as de�ned on pages9 and 9 respectively.

SORTPATTERNVECTORSEQUENCESe�ectiv ely usesmergesort to sort an orderedset of vector sequences.
Let us denote by B the ordered set of vector sequencesto be sorted and let us assumefor convenience
(and with no lossof generality) that

jBj = m = 2x (74)

where x is an integer greater than zero. We de�ne

B0 = hh� 0;1i ; h� 0;2i ; : : : h� 0;m ii

=
mM

i =1

hhB[i ]ii (75)

After one iteration of the outer while loop (lines 3{22) of SORTPATTERNVECTORSEQUENCESwe have
e�ectiv ely converted B0 into the ordered set

B1 = hh� 1;1; � 1;2i ; h� 1;3; � 1;4i ; : : : h� 1;m � 1; � 1;m ii (76)

whereeach orderedpair h� 1;i ; � 1;i +1 i in B1 is the result of merging the two orderedsetsh� 0;i i and h� 0;i +1 i
in B0 so that

� 1;i � � 1;i +1

By the end of the seconditeration of the outer while loop of SORTPATTERNVECTORSEQUENCES, B 1 has
beenconverted into the ordered set

B2 = hh� 2;1; � 2;2; � 2;3; � 2;4i ; h� 2;5; � 2;6; � 2;7; � 2;8i ; : : : h� 2;m � 3; � 2;m � 2; � 2;m � 1; � 2;m ii (77)

Where each ordered set of vector sequences

h� 2;i ; � 2;i +1 ; � 2;i +2 ; � 2;i +3 i
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in B2 is the result of merging the two ordered setsh� 1;i ; � 1;i +1 i and h� 1;i +2 ; � 1;i +3 i in B1 so that

� 2;i � � 2;i +1 � � 2;i +2 � � 2;i +3

This processcontin uesuntil, after the xth iteration, we have computed the ordered set

Bx = B log 2 m = hh� x; 1; � x; 2; : : : � x;m ii (78)

wherethe singleelement of Bx is the orderedset that results from sorting B sothat all the vector sequences
are in non-increasingorder according to De�nition 22.

To derive B1 from B0 we have to �rst mergeh� 0;1i with h� 0;2i to get h� 1;1; � 1;2i . Then we mergeh� 0;3i
with h� 0;4i to get h� 1;3; � 1;4i and so on until we have mergedh� 0;m � 1i with h� 0;m i to get h� 1;m � 1; � 1;m i .

Each of these mergesinvolvescomparing two vector sequencesand determining which of the two is
the lesseraccording to De�nition 22. The total time taken to derive B 1 from B0 is therefore

m= 2X

i =1

t(h� 0;2i � 1 i ; h� 0;2i i )

where t(C1; C2) is the time taken to mergethe two (sorted) ordered setsof vector sequencesC1 and C2.
To derive B2 from B1 we �rst have to mergethe two ordered setsh� 1;1; � 1;2i and h� 1;3; � 1;4i . Then we

merge the sets h� 1;5; � 1;6i and h� 1;7; � 1;8i and so on until we have merged the sets h� 1;m � 3; � 1;m � 2i and
h� 1;m � 1; � 1;m i . The time taken to derive B2 from B1 is therefore

m= 4X

i =1

t(h� 1;4i � 3; � 1;4i � 2 i ; h� 1;4i � 1; � 1;4i i )

Similarly, the time taken to derive B3 from B2 is

m= 8X

i =1

t(h� 2;8i � 7; � 2;8i � 6; : : : � 2;8i � 4 i ; h� 2;8i � 3; � 2;8i � 2; : : : � 2;8i i )

and, in general, the time taken to derive B j from B j � 1 is

m= 2j
X

i =1

t(


� j � 1;2j i � 2j +1 ; : : : � j � 1;2j i � 2j � 1

�
;


� j � 1;2j i � 2j � 1 +1 ; : : : � j � 1;2j i

�
) (79)

This implies that the total time taken to derive B x from B0, which we denote by T1, is given by

T1 =
xX

j =1

0

@
m= 2j
X

i =1

t
�


� j � 1;2j i � 2j +1 ; : : : � j � 1;2j i � 2j � 1

�
;


� j � 1;2j i � 2j � 1 +1 ; : : : � j � 1;2j i

��
1

A (80)

Now let's assumethat we have two sorted ordered setsof vector sequences,

A = h� 1; � 2; : : : � y i

B = h� y+1 ; � y+2 ; : : : � 2y i

that we wish to merge into a single sorted ordered set, C. We begin by comparing � 1 with � y+1 and
appending the greater of the two to C. Then if, say, � 1 > � y+1 we compare� 2 with � y+1 and append the
greater of the two to C. This contin ues until either all the elements of A or all the elements of B have
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beenappended to C at which point all the remaining unmergedelements are appended to C in a single
step to give the desired result. As can be seen,this processinvolvescarrying out a seriesof comparisons
in which an element of A is comparedwith an element of B to determine which of the two is the greater.
Each of thesecomparisonsresults in a new element being appendedto C. In the worst case,the number
of comparisonsto be carried out is jAj + jB j � 1. It is clear from De�nition 22 that the worst-caserunning
time for comparing two k-dimensional vector sequences,� 1 and � 2, is ck j� min j where c is a constant and
� min is the lesserof � 1 and � 2. For each element � i in A or B , we know that � i is the greater vector
sequencein at most onecomparisonbecauseif � i is the greater sequencein a comparisonit is immediately
appendedto C and is not comparedwith any other member of A or B after that. We therefore know that
the time taken to carry out the comparison that results in � i being appended to C is lessthan or equal
to ck j� i j. All this implies that

t(A; B ) <
2yX

i =1

ck j� i j (81)

Eqs.80and 81 together imply that

T1 <
xX

j =1

0

@
m= 2j
X

i =1

2j iX

r =2 j i � 2j +1

ck j� j � 1;r j

1

A (82)

We now wish to show that in Eq.82 the greatest value of r for a given value of i is one lessthan the least
value of r for i + 1. That is

2j (i + 1) � 2j + 1 = 2j i + 1

This can be shown straightforwardly as follows:

2j (i + 1) � 2j + 1 = 2j (i + 1 � 1) + 1

= 2j i + 1 (83)

We also know that the least value of r for the least value of i for a given value of j in Eq.82 is

2j � 2j + 1 = 1 (84)

and the greatest value of r for the greatest value of i for a given value of j is

2j � m=2j = m (85)

Eqs.82,83, 84 and 85 taken together imply

T1 <
xX

j =1

mX

r =1

ck j� j � 1;r j (86)

But from Lemma 10 we know that the sum of the cardinalities of all the patterns in the list of patterns
generated by CONSTRUCTPATTERNLIST is n(n � 1)=2 and we know that the cardinalit y of the vector
sequencecomputed by VECTORIZEPATTERNSfor a given pattern is one less than the cardinalit y of the
pattern. Therefore

mX

r =1

ck j� j � 1;r j <
ckn(n � 1)

2
(87)

and therefore (from Eq.86)

T1 <
xX

j =1

ckn(n � 1)
2

(88)
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We know from Eq.74 that x = log2 m therefore

T1 <
log 2 mX

j =1

ckn(n � 1)
2

) T1 <
ckn(n � 1)

2
log2 m (89)

From Lemma 10 we know that the number of vector sequences(which is equal to the number of patterns
generatedby CONSTRUCTPATTERNLIST) is certainly lessthan or equal to n(n � 1)=2 which is less than
n2. Therefore

T1 <
ckn(n � 1)

2
log2(n2)

) T1 < ckn(n � 1) log2 n (90)

which implies that T1, the worst-case running time of SORTPATTERNVECTORSEQUENCESfor a k-
dimensional dataset of size n, is O(kn2 log2 n). The space used by SIATECup to the completion of
SORTPATTERNVECTORSEQUENCESis O(kn2). Figure 39 shows the data structure that results after
SORTPATTERNVECTORSEQUENCEShas been executed for the dataset in Figure 23. The data structure
that results after execution of SORTPATTERNVECTORSEQUENCESrepresents P(D).

Having generated the partition P(D) by sorting the pattern vector sequenceswe can now compute
a set P 00(D ) which contains exactly one pattern from each element of P(D). This computation is car-
ried out by the procedure SETIFYPATTERNVECTORSEQUENCESde�ned in Figure 40 which employs a
strategy that is essentially identical to that used in the procedure SETIFYDATASET(see Figure 16).
SETIFYPATTERNVECTORSEQUENCESsimply scans the sorted right-directed list of PATTERNNODEs gen-
erated by SORTPATTERNVECTORSEQUENCES, deleting each node whosevector sequence(vec seq �eld) is
equal to that of the previous node. The function PVSE(Figure 40, line 5) takestwo PATTERNNODEpointer
variables and returns TRUE if and only if the vector sequencesstored in the vec seq �elds of the nodes
pointed to by the argument pointers are equal. If the vector sequencestored in the vec seq �eld of a
PATTERNNODEp is the sameas the one stored in the vec seq �eld of the previous node then p is deleted
using the function DISPOSEOFPATTERNNODEcalled in line 10 of SETIFYPATTERNVECTORSEQUENCES.
DISPOSEOFPATTERNNODErecursively disposesof all the other nodes attached to the node pointed to
by its argument which is why the right �eld of the node to be deleted is set to NULLin line 9 of
SETIFYPATTERNVECTORSEQUENCES.

In SETIFYPATTERNVECTORSEQUENCES, each pattern vector sequenceis comparedwith the preceding
one and deleted if it is the same.This meansthat each pattern in the list (except the �rst) is compared
with exactly one other pattern. If we denote the number of patterns by m then the running time of
SETIFYPATTERNVECTORSEQUENCESis therefore

T2 <
mX

i =1

t(� i ) (91)

where t(� i ) is the time taken to determine if � i is equal to the previous pattern vector sequencein the
list.

If � 1 and � 2 are two k-dimensional vector sequencesthen the time taken to determine if � 1 = � 2 is
ck j� min j where � min is the lesserof the two vector sequencesbeing compared and c is a constant. The
worst caseoccurs when � 1 = � 2 in which casethe time taken is ck j� 2j.

Therefore, in the worst case,t(� i ) = ck j� i j which, substituting into Eq.91, gives

T2 <
mX

i =1

ck j� i j
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Figure 39: The data structure that results after SORTPATTERNVECTORSEQUENCEShas executed for the dataset in
Figure 23.

SETIFYPATTERNVECTORSEQUENCES
1 local variables
2 p1 ,p 2 : PATTERNNODEpointers

3 p1  P
4 while p1 6= NULLand p1" right 6= NULL
5 if PVSE(p1" right,p 1)
6 � Delete p1" right.
7 p2  p1" right
8 p1" right  p2" right
9 p2" right  NULL
10 p2  DISPOSEOFPATTERNNODE(p2)
11 else
12 p1  p1" right

Figure 40: SETIFYPATTERNVECTORSEQUENCESalgorithm.
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Figure 41: The data structure that results after SETIFYPATTERNVECTORSEQUENCEShas executed for the dataset
in Figure 23.

But from Lemma 10 we know that
mX

i =1

j� i j <
n(n � 1)

2

therefore

T2 < ck
n(n � 1)

2
which implies that the worst-caserunning time of SETIFYPATTERNVECTORSEQUENCESis O(kn2).

The total spaceusedby SIATECup to the completion of SETIFYPATTERNVECTORSEQUENCESis O(kn2).
Figure 41 shows the data structure that results after SETIFYPATTERNVECTORSEQUENCEShas been

executedfor the dataset in Figure 23.

6.6 Computing T0(D)

Having computed P 00(D ), T 0(D ) can now be found by computing the TEC of each pattern in P 00(D )
in accordancewith Eq.28. Recall that the TEC of a pattern p is represented in SIATECas an ordered
pair hp;V (p;D )i (see page 16 and Eq.30). The computation of T 0(D ) therefore consists of comput-
ing V(p;D) for each of the patterns in the right-directed list headed by the global variable P after
SETIFYPATTERNVECTORSEQUENCEShas beenexecuted(seeFigure 41).

Recall that we denote by � = h� 1; � 2; : : : � n i the ordered set that results from sorting the dataset
D = f d1; d2; : : : dn g so that all the datapoints are in increasingorder. Recall also that COMPUTEVECTORS
(called in line 4 of SIATEC) computesa linked-list representation of Table 2.

The i th column in Table 2 contains all and only those vectors that map � i onto datapoints in D . We
de�ne that for a datapoint d in a dataset D ,

V (d;D) = f v j v + d 2 Dg (92)

So we can say that the i th column of Table 2 contains all and only those vectors in V(� i ; D ).
Clearly, a pattern p that is a subset of a dataset D can be translated by a vector v to give another

pattern in D if and only if every datapoint in p is mapped by v onto another datapoint in D . Therefore,
from Eqs.92and 30,

V (p;D) =
\

d2 p

V (d;D) (93)
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In other words, V (p;D ) is the set that only contains every vector which is an element of V (d;D ) for all
the datapoints d in p. Thus, if

p =
�

� i 1 ; � i 2 ; � i 3 ; : : : � i j p j

	

then v 2 V (p;D) if and only if v appearsin the i 1th column of Table 2 and the i 2th column and the i 3th
column and. . . and the i jpj th column.

Let's denote by vi;j the vector in the i th column and the j th row of Table 2 and let's say that we are
trying to �nd V (p;D) where

� =


� i 1 ; � i 2 ; : : : � i j p j

�

is the orderedset of datapoints that results when p is sorted sothat the datapoints are in increasingorder.
Let us denote by A a set which will be usedto store the vectors in V(p;D) as they are computed. A is

initialized to ; but by the end of the computation it will be equal to V (p;D). We �rst determine if vi 1 ;1

is a member of V (� i 2 ; D ) by scanningdown the i 2th column in Table 2 until we �nd a vector vi 2 ;j that is
either greater than or equal to vi 1 ;1. We now initialize a pointer|let's call it t i 2 |and set it to point to
vi 2 ;j . Recall that in Table 2 the vectors increaseasonedescendsa column and decreaseasonescansa row
from left to right. Let's assumethat vi 2 ;j > vi 1 ;1 which implies that there is no vector in the i 2th column
that is equal to vi 1 ;1 so we can proceedto checking vi 1 ;2. Now we wish to determine if vi 1 ;2 is in the i 2th
column. vi 1 ;2 is greater than vi 1 ;1 and we know that there is no vector above vi 2 ;j that is greater than
vi 1 ;1. Therefore, our search for an occurrenceof vi 1 ;2 in the i 2th column can begin with vi 2 ;j , the vector
currently pointed to by t i 2 . Let's assumethat vi 1 ;2 = vi 2 ;j . We now have to determine if vi 1 ;2 occurs in
the i 3th column so we scandown this column until we arriv e at a vector|let's denote it by vi 3 ;k |that is
either equal to or greater than vi 1 ;2. We set a pointer t i 3 to point to vi 3 ;k . If vi 3 ;k = vi 1 ;2 then we go on to
check for an occurrenceof vi 1 ;2 in the i 4th column, tagging the �rst vector in this column greater than or
equal to vi 1 ;2 with a pointer t i 4 , and so on until one of the following three events occurs:

1. the �rst vector greater than or equal to vi 1 ;2 in the i l th column is greater than vi 1 ;2;

2. we �nd an occurrenceof vi 1 ;2 in the i jpj th column;

3. we reach the bottom of the i l th column without �nding a vector equal to or greater than vi 1 ;2.

In the �rst case,we know that vi 1 ;2 =2 V (� i l ; D ) and therefore that vi 1 ;2 =2 V (p;D) sowe repeat the process
with vi 1 ;3, starting our search for vi 1 ;3 in the i 2th column with the vector pointed to by t i 2 , starting our
search in the i 3th column with the vector pointed to by t i 3 and so on.

In the secondcasewehaveshown that vi 1 ;2 2 V (p;D) soA becomesequal to A [ f vi 1 ;2g and weproceed
to examining vi 1 ;3, again starting our searchesin the i 2th, i 3th,. . . columns with the vectorspointed to by
t i 2 , t i 3 , . . . respectively.

In the third casewe have shown not only that vi 1 ;2 =2 V (p;D) but also that no vectors below vi 1 ;2 in
the i 1th column are in V (p;D) becauseany such vector would be greater than the vector at the bottom
of the i l th column. We can therefore stop the processand return the set A which is equal to V (p;D).

This processof computing V (p;D) is repeated for each pattern in the list pointed to by P after the
execution of SETIFYPATTERNVECTORSEQUENCES.

The foregoingprocedure is implemented in the algorithm COMPUTETECSwhich is shown in Figure 42.
On each iteration of the outer while loop in COMPUTETECS(Figure 42, lines 7{47) the vector set

V(p;D ) is computed for one pattern in P 00(D ). The pointer p is used to accessthe PATTERNNODEof the
pattern p being processedon a given iteration.

The pointers t i 1 : : : t i j p j are implemented using a right-directed linked list of VECTORNODEs headedby
T. The down�eld of the l th node in this list implements t i l |that is, it points to the VECTORNODEin the
down-directed list headedby � � l " downwhosevector is the one to be pointed to by t i l (seeFigure 20).

The outer while loop in lines 7 to 47 of SIATECis divided into two main parts. In lines 8{23, the linked
list headedby T (implementing the pointers t i 1 ; t i 2 ; : : : t i j p j ) for the previous pattern is �rst deallocated
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COMPUTETECS
1 local variables
2 p : a PATTERNNODEpointer
3 q, T, t, v : VECTORNODEpointers
4 FINISHED, VECTOREQUAL: Booleans

5 p  P
6 T = NULL
7 while p 6= NULL
8 q  p" pattern
9 if T 6= NULL
10 t = T
11 while t 6= NULL
12 t " down  NULL
13 t  t " right
14 T  DISPOSEOFVECTORNODE(T)
15 T  MAKENEWVECTORNODE
16 t  T
17 t " down  q" down" down
18 q  q" right
19 while q 6= NULL
20 t " right  MAKENEWVECTORNODE
21 t  t " right
22 t " down  q" down" down
23 q  q" right
24 FINISHED FALSE
25 while not FINISHED
26 t  T" right
27 VECTOREQUAL TRUE
28 while t 6= NULLand VECTOREQUAL
29 while t " down 6= NULLand VL(t " down" vector,T " down" vect or)
30 t " down  t " down" down
31 if t " down = NULLor VL(T" down" vector,t " down" vector )
32 VECTOREQUAL FALSE
33 if t " down = NULL
34 FINISHED TRUE
35 t  t " right
36 if VECTOREQUAL
37 if p" vectors = NULL
38 p" vectors  MAKENEWVECTORNODE
39 v  p" vectors
40 else
41 v" right  MAKENEWVECTORNODE
42 v  v" right
43 v" vector  T" down" vector
44 T" down  T" down" down
45 if T" down = NULL
46 FINISHED TRUE
47 p  p" right

Figure 42: COMPUTETECSalgorithm.
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(lines 8{14) and then a new list is initialized for the current pattern begin processed(lines 15{23). To
start with, each pointer t i k is set to point to vi k ;1.

The secondmain part of the outer while loop is concernedwith actually computing and storing
V(p;D) for the pattern stored in the PATTERNNODEpointed to by p. In line 26, the pointer t is �rst made
to point to the node in the list headedby T that implements t i 2 . t " downnow points to � v i 2 ; 1 . In lines
29{30, the pointer t " downsteps down the list headedby � � i 2

" down(that is, the implementation of the
i 2th column in Table 2) until one of the following two events occurs:

1. a vector is found which is not lessthan T" down" vector (the implementation of t i 1 );

2. t " downbecomesNULL|that is, it gets to the bottom of the list without �nding a vector that is not
lessthan T" down" vector .

In lines 31{32, the boolean variable VECTOREQUALwhich was initalized to TRUEin line 24 is made equal
to FALSEif we fail to �nd a vector in the i 2th column that is equal to T" down" vector (the vector pointed
to by t i 1 ). In lines 33{34, the boolean variable FINISHEDis set to TRUEif t " downbecomesNULL. The
while loop in lines 28{35 iterates until one of the three terminating conditions listed above (seepage48)
is satis�ed.

Lines 36{43 of COMPUTETECScorresponds to the vector pointed to by t i 1 becomingincluded in the set
A in the event of this vector being a member of V (p;D ). By the time line 46 is reached, the set V (p;D) has
beencomputed for another pattern and stored in the vectors �eld of the PATTERNNODEfor that pattern.

The worst-case time taken to compute V (p;D) for a single pattern using the above procedure is
O(jpj kn). This is becauseeach column in Table 2 contains n, k-dimensional vectors and, in the worst
case,for each datapoint � i l 2 � we have to scandown the whole of the i l th column in Table 2. The total
worst-caserunning time of COMPUTETECSis therefore O(

P
p2 P 00(D ) jpj kn). But we know from Theorem 3

that
X

p2 P 0(D )

jpj �
n(n � 1)

2

and that therefore
X

p2 P 00(D )

jpj �
n(n � 1)

2

sinceP 00(D ) � P 0(D ). Therefore

X

p2 P 00(D )

jpj kn � kn �
n(n � 1)

2

which implies that the worst-caserunning time of COMPUTETECSis O(kn3).
Figure 43 shows the data structure that results after COMPUTETECShas beenexecutedfor the dataset

in Figure 23. Note that each set V (p;D) is stored as a right-directed linked list headedby the vectors
�eld of the PATTERNNODEfor p.

It is straightforward to show that O(kn3) is a looseupper bound on the spaceoccupied by the data
structure generatedby COMPUTETECS. However, we believe that a signi�can tly better tight upper bound
exists even though as yet we have not succeededin �nding one. Our belief stems from the fact that
so far we have not been able to dream up a dataset that would causethe data structure generatedby
COMPUTETECSto occupy more than O(kn2) space.

The looseupper bound of O(kn3) can be derivedasfollows.We �rst needto provethe following lemma.

Lemma 12 If D is a dataset and p is a pattern such that p � D and jD j = n and V (p;D) is as de�ned
in Eq.30 then

jpj + jV (p;D )j � n + 1
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Proof
Let � = h� 1 ; � 2 ; : : : � n i be the ordered set that results from sorting the datapoints in D into increasing order

and let � =
D

� i 1 ; � i 2 ; : : : � i j p j

E
be the ordered set that results from sorting the datapoints in p into increasing order.

If v 2 V (p; D ) and we translate p by v then the datapoint � i 1 will be mapped onto � i 1 + v and � i 1 + v 2 �
becausev 2 V (p; D ). Therefore there exists a datapoint � k 2 � such that � k = � i 1 + v.

Moreover, we know that � i 2 + v 2 � and that � i 2 + v > � k because� i 2 > � i 1 . Similarly , we know that all the
points

� i 3 + v; � i 4 + v; : : : � i j p j + v

are elements of � greater than � k . Therefore there must be at least jpj � 1 datapoints in � that are greater than
� k . Therefore

n � k � jpj � 1 ) n + 1 � jpj � k

There are therefore at most n � jpj + 1 distinct points in D onto which � i 1 could be mapped by a vector in V (p; D ).
Therefore jV (p;D )j � n � jpj + 1 which implies that jpj + jV (p;D )j � n + 1. �

Clearly, the spaceoccupied by the data structure generatedby COMPUTETECSis

O

0

@
X

p2 P 00(D )

k (jpj + jV (p;D )j)

1

A (94)

(seeFigure 43). Lemma 12 tells us that jpj + jV (p;D )j � n + 1 therefore the spacecomplexity is at most

O

0

@
X

p2 P 00(D )

k(n + 1)

1

A = O (kn jP 00(D )j) (95)

Recall that P 00(D ) is derived from P 0(D ) by picking just one pattern from each subclassin a partition of
P0(D ). Therefore the cardinalit y of P 00(D ) is lessthan or equal to that of P 0(D ) and from Theorem 3 we
know that

jP0(D )j �
n(n � 1)

2

ThereforejP 00(D )j < n2 which, substituting into Eq.95,givesan upper bound on the spaceusedof O(kn3).

6.7 Outputting the results

The �nal step in SIATECis to output the set of TECs T 0(D ) computed by COMPUTETECS. This task is
carried out by the procedure OUTPUTTECScalled in line 13 of SIATECand de�ned Figure 44. Figure 45
shows the output produced by OUTPUTTECSfor the dataset shown in Figure 23.

Each line in the output represents a TEC as an ordered pair hp;V (p;D )i with the pattern p printed
before the colon and the vector set V (p;D ) printed after the colon.

The worst-caserunning time of OUTPUTTECSis clearly the sameas the worst-casespacecomplexity of
the data structure produced by COMPUTETECS|that is, it has a looseupper bound of O(kn3).

7 SIA

As described above, SIATECcan be used to compute e�cien tly the complete set of MTP TECs, T(D),
for a dataset D . (SIATECactually computes T 0(D ) but from Lemma 6 (p.12) we know that T(D) =
T 0(D ) [ ff Dgg.) However, for someapplications it may be su�cien t to know the maximal translatable
pattern p(v; D ) for each vector in V(D) (seeEq.32, p.21). We know from Lemma 2 (p.9) that the maximal
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OUTPUTTECS
1 local variables
2 p : a PATTERNNODEpointer
3 q, v : VECTORNODEpointers

4 p  P
5 while p 6= NULL
6 q  p" pattern
7 while q 6= NULL
8 PRINTVECTOR(q" down" vector)
9 PRINT(` ')
10 q  q" right
11 PRINT(`: ')
12 v  p" vectors
13 while v 6= NULL
14 PRINTVECTOR(v" vector)
15 PRINT(` ')
16 v  v" right
17 PRINTNEWLINE
18 p  p" right

Figure 44: OUTPUTTECSalgorithm.

<1,1> <1,3> <2,2> : <0,0> <1,0>
<1,1> <2,1> : <0,0> <0,2> <1,1>
<2,1> <2,2> : <0,0> <0,1>
<1,1> : <0,0> <0,2> <1,0> <1,1> <1,2> <2,1>

Figure 45: The output produced by OUTPUTTECSfor the dataset shown in Figure 23.
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SIA(FN : dataset file-name, SD : bit-vector indicating selected dimensions)
1 READDATASET(FN,SD)
2 SORTDATASET
3 SETIFYDATASET
4 SIA COMPUTEVECTORS
6 SIA SORTVECTORS
7 OUTPUTVECTORPATTERNPAIRS

Figure 46: SIA algorithm.

translatable pattern for � v can be found by translating the maximal translatable pattern for v by the
vector v itself. We also know from Eq.15 (p.11) that the maximal translatable pattern for the zero vector
is the complete dataset. Therefore we do not actually have to compute p(v; D ) explicitly for every vector
in V(D). It is su�cien t to compute p(v; D ) for every vector in the set

V0(D ) = f d1 � d2 j d1; d2 2 D ^ d1 > d2g

(seeEq.31, p.21). That is, it is su�cien t to compute

f p(v; D ) j v 2 V0(D )g = f p(v; D ) j v 2 f d1 � d2 j d1; d2 2 D ^ d1 > d2gg

= f p(d1 � d2; D ) j d1; d2 2 D ^ d1 > d2g

= P 0(D ) (from De�nition 14, p.10)

Lines 1 to 7 of SIATECcompute P 0(D ). However, for reasonsdiscussedabove (see p.21) the pro-
cedure COMPUTEVECTORScalled in line 4 of SIATECcomputes V(D) whereas if our �nal goal is only
to compute P 0(D ) then we only have to compute the much smaller set V0(D ). Also, the procedures
CONSTRUCTVECTORTABLEand CONSTRUCTPATTERNLIST, called in lines 5 and 7 of SIATECrespectively,
are not necessaryif one's goal is only to compute P 0(D ) and not T 0(D ).

In this sectionwe therefore present SIA, an algorithm that e�cien tly computesP 0(D ) for a dataset D .
Strictly speaking, SIA computesthe set of ordered pairs

S(D) = fhv; p(v; D )i j v 2 V0(D )g (96)

For a k-dimensional dataset of sizen, the worst-caserunning time of SIA is O(kn2 log2 n) and the worst-
casespacecomplexity is O(kn2).

Figure 46 shows the SIA algorithm. Lik e SIATEC, SIA useslinked-list data structures constructed from
NUMBERNODEs and VECTORNODEs as de�ned in Figure 3 (seep.14). PATTERNNODEs are not used in SIA.
SIA usestwo global variables:

1. a VECTORNODEpointer called D which is used (as in SIATEC) to head the list of VECTORNODEs that
stores the dataset;

2. a VECTORNODEpointer called V which is usedto accessthe linked list structure usedto store V0(D ).

The two arguments to SIA, FN and SD, are as for SIATEC(see p.9). The procedures READDATASET,
SORTDATASETand SETIFYDATASETcalled in the �rst three lines of SIA are identical to those called
in lines 1 to 3 of SIATEC(seesection 6.2).

The procedure COMPUTEVECTORS, called in line 4 of SIATECand de�ned in Figure 18 on page 22, is
replacedin SIA with the procedureSIA COMPUTEVECTORSwhich is de�ned in Figure 47.

Figure 48 shows the data structure that results after SIA COMPUTEVECTORShas executedwhen SIA is
carried out on the dataset shown in Figure 23 on page25. The resulting data structure is a representation
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SIA COMPUTEVECTORS
1 local variables
2 d1 ,d 2 ,p,v : VECTORNODEpointers

3 V  NULL
4 if D 6= NULLand D" right 6= NULL
5 d1  D
6 d2  d1" right
7 V  MAKENEWVECTORNODE
8 v  V
9 repeat
10 p  v
11 repeat
12 p" down  MAKENEWVECTORNODE
13 p  p" down
14 p" right  d1

15 p" vector  VM(d2" vector,d 1" vector)
16 d2  d2" right
17 until d2 = NULL
18 d1  d1" right
19 if d1" right 6= NULL
20 v" right  MAKENEWVECTORNODE
21 v  v" right
22 d2  d1" right
23 until d1" right = NULL

Figure 47: SIA COMPUTEVECTORSalgorithm.
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Figure 48: The data structure that results after SIA COMPUTEVECTORShas executed when SIA is carried out on
the dataset shown in Figure 23 on page 25.

of the vector table shown in Figure 24 on page 25. The data structure headed by V after execution of
SIA COMPUTEVECTORStherefore represents the samevector table as the data structure headedby V after
CONSTRUCTVECTORTABLE(Figure 21, p.24) has executedin line 5 of SIATEC. However, in SIA this vector
table is represented more directly (compare Figure 22 (p.24) with Figure 48.)

For a k-dimensional dataset of size n, line 15 of SIA COMPUTEVECTORSexecutes n (n � 1)
2 times

as compared to the n2 times that line 15 of COMPUTEVECTORSexecutes in SIATEC. For a given
dataset, SIA COMPUTEVECTORStherefore makes less than half the number of computations made by
COMPUTEVECTORS. The worst-caserunning time of SIA COMPUTEVECTORSis therefore O(kn2) and the
worst-casespacecomplexity is also, clearly, O(kn2).

The procedureSORTVECTORS(Figure 26, p.27) called in line 6 of SIATECis replaced in SIA with the
procedureSIA SORTVECTORSwhich is de�ned in Figure 49.The only di�erence betweenSIA SORTVECTORS
and SORTVECTORSis that in line 14 of SIA SORTVECTORSthe function SIA MERGEVECTORCOLUMNSis
called, whereasin line 14 of SORTVECTORSthe function MERGECOLUMNVECTORS(Figure 27, p.28) is called.
The function SIA MERGEVECTORCOLUMNSis de�ned in Figure 50.

The only di�erence betweenSIA MERGEVECTORCOLUMNSand MERGEVECTORCOLUMNSis that in line 9
of SIA MERGEVECTORCOLUMNSthe arguments are b" vector and a" vector rather than b" right " vector
and a" right " vector . This re
ects the di�erence betweenthe data structure headedby V in SIATECand
the data structure headedby V in SIA. The extra layer of indirection in SIATECis necessaryin order to
preserve the ordering of the data structure that stores V(D) so that the `column-scanning' technique for
�nding TECs can be employed in COMPUTETECS.

Lik e SORTVECTORS, SIA SORTVECTORSis an implementation of merge sort. The worst-caserunning
time for SIA SORTVECTORSis therefore O(kn2 log2 n) for a k-dimensional dataset of sizen.

Figure 51 shows the data structure that results after SIA SORTVECTORShas executed when SIA is
carried out on the dataset in Figure 23. This data structure represents the list shown in Figure 25.

Finally , in line 7 of SIA, the procedure OUTPUTVECTORPATTERNPAIRSis called. This algorithm is
de�ned in Figure 52 and it is based on the CONSTRUCTPATTERNLIST algorithm (see Figure 29, p.35).
OUTPUTVECTORPATTERNPAIRSsimply outputs the set S(D) de�ned in Eq.96.

Figure 53 shows the output generatedby OUTPUTVECTORPATTERNPAIRSwhen SIA is carried out on
the dataset in Figure 23. Each line of the output represents an ordered pair hv; p(v; D )i in S(D), with the
vector v being printed before the colon and the datapoints in the set p(v; D ) being printed in increasing
order after the colon.

For a k-dimensional dataset of sizen, the worst-caserunning time of OUTPUTVECTORPATTERNPAIRS
is clearly O(kn2) sincethe number of vectors to be printed is O(jZ (D)j) (seeDe�nition 16) and jZ (D)j =
O(n2) as proved in Lemma 8 on page30.

For a k-dimensional dataset of size n, the overall worst-case running time of SIA is therefore
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SIA SORTVECTORS
1 local variables
2 BEFOREA, A, B, AFTERB, C : VECTORNODEpointers

3 while V 6= NULLand V" right 6= NULL
4 BEFOREA  NULL
5 A  V
6 V  NULL
7 repeat
8 if V 6= NULL
9 BEFOREA" right  NULL
10 B  A" right
11 A" right  NULL
12 AFTERB  B" right
13 B" right  NULL
14 C  SIA MERGEVECTORCOLUMNS(A,B)
15 if V = NULL
16 V  C
17 else
18 BEFOREA" right  C
19 C" right  AFTERB
20 BEFOREA  C
21 A  BEFOREA" right
22 until A = NULLor A" right = NULL
23 � Final ly we delete the sentinel node pointed to by V.
24 if V 6= NULL
25 A  V" down
26 V" down  NULL
27 DISPOSEOFVECTORNODE(V)
28 V  A

Figure 49: SIA SORTVECTORSalgorithm.
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SIA MERGEVECTORCOLUMNS(A,B : VECTORNODEpointers)
1 local variables
2 a, b, C, c : VECTORNODEpointers

3 a  A" down
4 b  B" down
5 C  A
6 C" down  NULL
7 c  C
8 while a 6= NULLand b 6= NULL
9 if VL(b" vector,a " vector)
10 c" down  b
11 b  b" down
12 else
13 c" down  a
14 a  a" down
15 c  c" down
16 c" down  NULL
17 if a = NULL
18 c" down  b
19 else
20 c" down  a
21 return C

Figure 50: SIA MERGEVECTORCOLUMNSalgorithm.

O(kn2 log2 n) and the worst-casespacecomplexity is O(kn2).
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OUTPUTVECTORPATTERNPAIRS
1 local variables
2 v1 , v2 : VECTORNODEpointers

3 if V 6= NULL
4 v1  V
5 while v1 6= NULL
6 PRINTVECTOR(v1" vector)
7 PRINT(` : ')
8 PRINTVECTOR(v1" right " vector)
9 PRINT(` ')
10 v2  v1" down
11 while v2 6= NULLand VE(v2" vector,v 1" vector)
12 PRINTVECTOR(v1" right " vector)
13 PRINT(` ')
14 v2  v2" down
15 PRINTNEWLINE
16 v1  v2

Figure 52: OUTPUTVECTORPATTERNPAIRSalgorithm.

<0,1> : <2,1> <2,2>
<0,2> : <1,1> <2,1>
<1,-2> : <1,3>
<1,-1> : <1,3> <2,3>
<1,0> : <1,1> <1,3> <2,2>
<1,1> : <1,1> <2,1>
<1,2> : <1,1>
<2,-1> : <1,3>
<2,1> : <1,1>

Figure 53: The output generated by OUTPUTVECTORPATTERNPAIRSfor the dataset in Figure 23 on page 25.
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