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Chapter 1

Introduction to MIPS and the genus

representation of octave equivalence

1.1 Introduction

MIPS is a mathematical formal language devised by the author for investigating the structural properties of
scales, pitch systems and their associated notational systems.! The complete current specification of MIPS
is given in Chapter 4. MIPS has been implemented as a computer program written in Common Lisp.

MIPS models the way that pitch information is represented within Western staff notation. In fact, it
models a whole class of pitch notation systems that contains the Western staff notation system as one of its
members. In this sense, MIPS mathematically models and generalises the pitch representation system used
in Western staff notation.

MIPS is based on four representations of octave equivalence: chroma equivalence, morph equivalence,
chromamorph equivalence and genus equivalence. Chroma equivalence is essentially identical to the concept
of pitch-class equivalence used by Babbitt ([Bab65]), Forte ([For73]), Rahn ([Rah80]), Morris ([Mor87]) and
many others. The MIPS concept of a morph is basically the same as Brinkman’s concept of name class
([Bri90, 124-126]). The MIPS concept of a chromamorph is closely related to both Brinkman’s binomial
representation ([Bri90, 128]) and the representation of octave equivalence used by Agmon ([Agm8&9, 11],
[Agm96, 44]). Genus equivalence is a new representation of octave equivalence invented by the author which
provides a correct model of the traditional tonal concept of octave equivalence. That is, two pitches are
genus equivalent if and only if they are an integer number of perfect octaves apart. Genus equivalence can
also be generalised to any other pitch system without first having to specify which sets in that pitch system
correspond to the diatonic sets in the Western tonal system.

Chroma equivalence is not a particularly good model of the traditional tonal concept of octave equivalence.
The three pitches in Figure 1.1 are octave equivalent in the traditional tonal sense and, of course, they have
the same chroma—they are therefore chroma equivalent.

The two pitches in Figure 1.2 are also chroma equivalent, but they are not octave equivalent in the
traditional tonal sense because the interval between them is an augmented seventh and not an integer number
of perfect octaves. So although the sounds produced when the two notes are performed in an equal-tempered
system might be psycho-acoustically an octave apart, they are not ‘octave equivalent’ in terms of the logic of

the Western tonal pitch notation system.

1 MIPS stands for Mathematical Investigation of Pitch Systems.
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Pitch name El:h Ehﬁ Ehﬁ
Frequency 262Hz 52%Hz 1047 Hz
Chroma 3 3 3

Figure 1.1: Three pitches that are chroma equivalent and ‘octave equivalent’ in the traditional tonal sense.

1 2
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Chroma 1] 1]
harph 0 i
Chromamorph [0,0] [0,5]

Figure 1.2: Two pitches that are chroma equivalent but not ‘octave equivalent’ in the traditional tonal sense

and not chromamorph equivalent.



CHAPTER 1. INTRODUCTION TO MIPS AND THE GENUS REPRESENTATION OF OCTAVE EQUIVALENCEG6

e

Chroma o 4
hdarph i i
Pitch [52,27] [52,24]
Chromamorph  [4.6] [4,6]
Qld genus [6 6] [6i,-6]
Genus [16.6] [4,6]

Figure 1.3: Two pitches that are chromamorph equivalent but not octave equivalent in the traditional tonal

sense.

This demonstrates that the concept of pitch class as used by Forte ([For73]), Rahn ([Rah80]) and others,
does not provide a correct model of octave equivalence within the Western tonal pitch system.

There have been a number of attempts to produce better models of the traditional tonal concept of
octave equivalence. For example, Brinkman ([Bri90, 128]) and Agmon ([Agm89, 11], [Agm96, 44]) use
a representation of octave equivalence that Brinkman calls a binomial representation which is essentially
identical to the MIPS concept of a chromamorph. A chromamorph is an ordered pair of integers in which
the first number represents the chroma and the second number (which in MIPS is called morph and which
Brinkman calls name class ([Bri90, 124-126])) represents the letter-name of the note. So, in the Western
tonal system, the second element in a chromamorph (that is, the morph) will have an integer value between
0 and 6, with 0 corresponding to the letter-name A and 6 corresponding to G. Similarly, in a system that
uses five-note scales, the value of a morph would lie between 0 and 4.

If two notes that have the same chromamorph are defined to be chromamorph equivalent then it can be
seen from Figure 1.2 that chromamorph equivalence is a better model of the Western tonal concept of octave
equivalence than chroma equivalence—at least chromamorph equivalence correctly captures the fact that two
notes an augmented seventh apart are not octave equivalent in the traditional tonal sense.

However, the two notes in Figure 1.3 are chromamorph equivalent but they are certainly not octave
equivalent in the traditional Western tonal sense—the interval between them is a ‘12xdiminished octave.’

This demonstrates that chromamorph equivalence is not a correct model of the traditional Western tonal
concept of octave equivalence.

Some may dispute the claim that the two notes in Figure 1.3 are logically possible and meaningful within
the Western tonal pitch notation system, but, in principle, there is no limit to the number of sharps and flats
that could be placed before a note in the Western tonal staff notation system. On the upper staff in Figure
1.4 is a sequence of notes in which the interval from each note to the next note is a rising major third. Each

note on the lower staff is enharmonically equivalent to the note immediately above it on the upper staff.
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Figure 1.4: Demonstration of the logical possibility of multiple sharps and flats in the Western tonal pitch

notation system.

The sequence of notes on the upper staff begins with an F double-sharp—a note that is encountered in tonal
music as the leading note in the key of G sharp minor, the relative minor of the commonly used key of B
major. As can be seen in Figure 1.4, after two consecutive leaps of a rising major third from F double sharp,
we have already arrived at a note that must have three sharp symbols placed before it if it is to be notated
correctly. After eleven consecutive leaps of a rising major third we are compelled to use eight sharps! This
example illustrates the fact that a formal language that correctly represents the logic of the Western tonal
system of pitch and pitch intervals must allow for pitches to have any number of sharps or flats.

In the Western pitch-naming system, a note has a letter-name (A to G), an inflection (... bbbt 8,84, ...)
and an octave number (for example, middle C—Chy—has an octave number of 4 and the C above middle
C (Ct5) has an octave number of 5). This naming system derives from the staff notation system which has
evolved over the past four hundred years or so to be a highly effective means of notating Western tonal music.
To this extent, the pitch-naming system correctly models the Western tonal pitch system. And if the octave
number of a pitch-name is omitted (for example, Cly becomes Ch), the result is a correct representation of
octave equivalence within the Western tonal system.

So, if one wishes to find a correct mathematical representation of the traditional Western tonal concept of
octave equivalence, one strategy might be to base a numerical representation on the traditional pitch-naming
system. Such a strategy has been adopted by Cambouropoulos ([Cam96, 233], [Cam98, 49]) in his General
Pitch Interval Representation (GPIR). In this system, the letter-name (A to G) is represented by an integer
between 0 and 6 and the inflection (or modifier-accidental as Cambouropoulos calls it) is represented by an
integer (0 corresponds to B, 1 corresponds to #, —1 corresponds to b and so on).

The row labelled ‘Old genus’ in Figure 1.3 shows that this representation correctly captures the fact that
the two notes are not octave equivalent in the traditional sense. So this simple numeric representation of the
Western tonal pitch-naming system provides a correct model of the traditional concept of octave equivalence
within that system.

However, one of the motivations behind the development of MIPS was to produce a system that would
allow one to examine the special mathematical properties of the Western tonal scales and then go on to
determine if scales with similar properties exist in other systems where the octave is divided into more or
less than 12 intervals. In other words, it should be possible to use MIPS to discover those sets within any
pitch system that correspond in some significant sense to the sets associated with scales in the Western tonal
system. But unfortunately, it is not possible to generalise a representation such as Cambouropoulos’ to other
pitch systems without first knowing which sets within that system should be considered to correspond to the

diatonic sets in the Western tonal pitch system. This is because one first has to know which pitch classes
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correspond to the natural notes (that is, the notes that are not inflected with one or more sharp or flat
symbols).

It turns out, however, that it is possible to devise a representation of octave equivalence that is both
a correct model of the traditional tonal concept of octave equivalence and generalisable to any other pitch
system without first specifying the sets in that system that correspond to the diatonic sets in the Western
tonal system.

In MIPS, this model of octave equivalence is called genus equivalence: two pitches are genus equivalent
if and only if they have the same genus. A genus is an ordered pair rather like a chromamorph. As in a
chromamorph, the second element in the ordered pair is a morph and represents the letter-name (see the
row marked ‘Genus’ in Figure 1.3). However, the first member of a genus is not a chroma but a chromatic
genus which is not quite the same as chroma (see section 1.3.1 below for formal definitions of chromamorph,
chromatic genus and genus). Unfortunately the fact that chromatic genus is ‘not quite’ chroma means that the
whole theory surrounding the genus representation—the theory that defines, for example, how to transpose
and invert genus sets, find powers and sums of genus intervals and so on—is rather more involved than the
pitch-class set theory of Babbitt, Forte and Rahn.

In summary, MIPS is a formal language for investigating the mathematical properties of pitch systems and
scales within those systems. It is based on four distinct mathematical representations of octave equivalence:
chroma equivalence, morph equivalence, chromamorph equivalence and genus equivalence. Genus equivalence
correctly models the traditional Western tonal concept of octave equivalence wherein two pitches are consid-
ered octave equivalent if and only if they are an integer number of perfect octaves apart. Furthermore, the
concept of genus equivalence can be generalised to any pitch system without first having to specify which
sets within that system correspond to the diatonic sets of the Western tonal system.

The rest of this section will be devoted to introducing certain basic concepts that will be used throughout
this document. In section 1.2 the MIPS representations for the intuitive concepts of pitch system and pitch are
introduced and discussed in detail. In section 1.3 the genus representation of octave equivalence is defined and
the mathematical theory surrounding this representation is introduced. In section 1.4 four useful algorithms
are described for

1. generating the MIPS pitch representation that corresponds to any given A.S.A. pitch name;
2. generating the A.S.A. pitch name that corresponds to a given MIPS pitch representation;

3. generating the MIPS pitch interval representation that corresponds to a traditional Western tonal pitch

interval name (e.g. “Rising Major Third”); and

4. generating the traditional Western tonal pitch interval name that corresponds to a given MIPS pitch

interval representation.

These algorithms employ the concepts presented in sections 1.2 and 1.3 and therefore constitute concrete
examples of the kind of application that can be developed using MIPS concepts. Finally, in section 1.5 the

main points of this chapter are summarised.

1.1.1 The relationship between pitch and frequency

In the text that follows, reference will be made on a number of occasions to ‘the frequency of a pitch.” It is
therefore important to understand the relationship between frequency and pitch.
The American Standards Association define the term ‘pitch’ to be “that attribute of auditory sensation in

terms of which sounds may be ordered on a musical scale” ([Ass60]). However this definition is not satisfactory
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because of the ambiguity of the term “musical scale.” It is proposed here that the term ‘pitch’ as this term is
used in psycho-acoustics should be defined to mean that perceptual attribute of a simple tone (a tone with a
sinusoidal waveform) that varies when the frequency of the tone is changed and the loudness is kept constant.
The frequency of a simple tone can be adjusted until it is perceived to have the same pitch as some given
complex tone. The pitch of the complex tone can then be represented by the frequency of the simple tone
that has the same perceived pitch as it.

Usually, the perceived pitch of a complex harmonic tone is the same as that of a simple tone whose
frequency is equal to the periodicity of the complex tone. For example, a complex tone with components at
400, 800 and 1200Hz will have a perceived pitch approximately equal to that of a simple tone with frequency
400Hz. Similarly, a complex tone with components at 1800, 2000 and 2200Hz has a pitch which is similar to
that of a 200Hz simple tone.?

There are, however, exceptions to this simple rule. For example, Moore ([M0089, 169]) points out that a
complex tone with sine wave components at 1840, 2040 and 2240Hz has a periodicity of 40Hz. However its
perceived pitch is approximately the same as that of a 204Hz sinusoid (although its pitch can also be matched
to that of a sinusoid of frequency 185Hz and to that of a sinusoid of frequency 227Hz).3

It has also been shown that the pitch of a simple tone varies very slightly with amplitude (see [Mo089,
165]). In general, the pitch of tones below about 2000Hz decreases with increasing amplitude, while the pitch
of tones above about 4000Hz increases with increasing amplitude. However, this effect is extremely small for
most listeners and can be safely ignored for the purposes of this document.

Therefore, if at any point in this document it is suggested that a pitch p has a frequency f, this should
be understood to mean that p is the perceived pitch of a simple tone S with frequency f. This implies that

p is also the pitch of any complex tone whose pitch is perceived to be the same as that of S.

1.1.2 Some basic set-theoretical concepts

In this section and the next a number of basic set-theoretical concepts and arithmetical operations will be
defined that will be used often throughout this document. An understanding of the definitions and theorems
given here will make the remainder of the document much easier to follow.* The definitions of mathematical
concepts given in this document are for the most part consistent with common mathematical usage. However
there may be slight differences between the definitions given here and those that one might find in a standard
mathematical dictionary such as [BB89]. These differences arise from the fact that the concepts presented

here are defined for use specifically in a formal language for investigating musical pitch systems.

Definition 1 (Universal set) An object is a well-formed universal set if and only if it is a well-defined

collection of objects that are all distinct in some specified way.

For example, {1,2,3,4} is a well-formed universal set but {1, 1,2, 3} is not because two of the objects in the

collection are equal.

Definition 2 (Universal set membership) If S is a universal set then a is an element or member of S,
denoted a € S, if and only if a is equal to one of the objects in S. If a is not equal to any of the objects in S

then one can say that a is not an element of S and denote this fact as follows: a ¢ S.

2This is called the ‘phenomenon of the missing fundamental’. For more details about this effect, see [Mo089, 167-175].

3For more details on the relationship between pitch and frequency, see [Moo89, 158-193].

4All definitions and theorems presented in the main body of this document are stated again in Chapter 4. The reference
number of a definition or theorem given in the main body of the document is the same as the number of that definition or
theorem in Chapter 4. In other words, the number of a definition or theorem in the main text indicates the order of appearance

of the item in Chapter 4 and not its order of appearance in the main text.
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For example, if S ={1,2,3,4} then 1€ Sbut 5 ¢ S.

Definition 3 (Set) An object is a well-formed set if and only if it is a collection of objects that are all
distinct members of a single specified universal set. When written out in full, a set is enclosed within braces

and the objects in the set are separated from each other by commas:
S = {81,52, .. }

It is important to note that a set is, by definition, a collection of distinct objects. For example, if one defines
A to be a universal set that contains all and only those integers greater than or equal to 0 and less than or
equal to 10:

A=1{0,1,2,3,4,5,6,7,8,9,10}

then the collection
C={1,1,2,3}

is not a well-formed set of objects in A because two of the objects in C' are equal to the same object in A.
However, the collection
B={1,2,3}

is an example of a well-formed set of objects in A. Note that in this document, all the objects in a set must
be members of some single specified universal set whereas a universal set can be any collection of distinct
objects whatsoever.

Definition 4 (Ordered set) An object is a well-formed ordered set if and only if it is a collection of objects
(not necessarily distinct and not necessarily all from the same universal set). When written out in full, an
ordered set is enclosed in square brackets and the objects in the ordered set are separated from each other by
commas:

S = [81,82, . ]
For example, the following are all well-formed ordered sets:
[4,3,2,1] [4,4,4,4] [3,¢,m, G, 3]
If an ordered set contains exactly two objects then it can be called an ordered pair, if it contains three objects
it can be called an ordered triple, if it contains four objects it can be called an ordered quadruple and so on.

Definition 5 (Set membership) If S is a set or ordered set then a is an element or member of S, denoted
a €S, if and only if a is equal to one of the objects in S. If a is not equal to any member of S then one can

say that a is not an element of S and denote this fact as follows: a & S.
For example, if S ={1,2,3,4} then 1€ Sbut 5 & S.

Definition 6 (Set order) If S is a set or ordered set then the order or cardinality of S, denoted |S|, is

equal to the number of elements in S.
For example, if S = {1,2,3,4} then |S| =4 and if S =[1,2,3,4,4,4] then |S| = 6.

Definition 7 (Empty set) The empty set is that unique set that contains no members. It is denoted () or

{}

Definition 8 (Empty ordered set) The empty ordered set is that unique ordered set that contains no

members. It is denoted [].
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Definition 9 (Element of an ordered set) If S is an ordered set,
S =1[81,82,.-8k,.-.]

then, by definition,
e(S,k) = sg
for all integer k such that 1 < k <|S|. That is, the function e (S, k) returns the kth element of S.
For example, if S =[1,2,3,4,3,2,1] then e(S5,2) =2, e(S5,4) =4 and e (S,6) = 2.
Definition 14 (Ordered set equality) If S and T are two ordered sets,
S = [31,52,...3|5|] T= [tl,tg,...tm]
then S =T if and only if |S| = |T| and e (S, k) = e (T, k) for all integer values of k such that 1 < k < |S|.

It is this concept of ordered set equality that distinguishes an ordered set from an arbitrary collection of
objects. For two ordered sets to be equal, they must not only contain exactly the same objects, it must also
be true that each object in one set is equal to the object that occupies the same position in the other set.

For example,
[3,2,1] # [1, 2, 3]

Definition 15 (Set equality) If S and T are two sets then S is equal to T, denoted S =T, if and only if

one of the following two conditions is satisfied:
1. Both S and T are equal to the empty set.
2. Every element in S is an element in T and every element in T is an element in S.

If S is not equal to T' then this is denoted S # T.

Note that for two sets to be equal, the order in which the elements occur does not have to be the same. For

example,
{1.2.3} ={3,2,1}

Definition 16 (Subset) If S and T are two sets then S is a subset of T, denoted S C T, if and only if one

of the following two conditions is satisfied:
1. S is the empty set.
2. Every element of S is also an element of T.
If S is not a subset of T then this is denoted S ¢ T
For example, {1,2} C {1,2,3}, 0 C {1,2,3} and {1,2,3} C {1,2,3}.

Definition 20 (Set union) If S and T are two sets then the union of S and T, denoted SUT, is the set
that only contains every object that is an element of S or an element of T or an element of both S and T.
That s

(se(SUT)) < ((seS)V(seT))

For example, {1,2} U {2,3} = {1,2,3}.
The operation of set union is associative, as stated by the following theorem:
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Theorem 21 (Associativity of set union) The union operation on sets is associative. That is, if R, S
and T are sets then
RUSUT)=(RUS)UT

The expressions RU(SUT) and (RUS)UT can therefore both be written
RUSUT

All the theorems given in the main body of this document are stated without proof. However, every one of
these theorems is re-stated with proof in Chapter 4.

The fact that set union is associative allows for the following operation to be defined:
Definition 22 (Union of sequence of sets) If S1,Sa,... Sk, ... Sy is a collection of sets then, by definition,

S1USsU...USLU...US, = USk
k=1

Also, if S is a set, then

UF(S)

seS
returns the set that only contains every object that is a member of one or more of the sets F (s) where s only

takes any value such that s € S and where F (s) is some function of s that returns a set.

For example, if k only takes integer values then
Uk =1{1.2,3,...n}
k=1

and if S = {1,2,3} then
U {2k} = {2.4,6}

kes

Definition 23 (Set intersection) If S and T are two sets then the intersection of S and T, denoted SNT,

1s the set that only contains every object s that is a member of S and a member of T':
(se(SNT)) < ((seS)A(seT))
For example, if S = {1,2,3,4} and T = {3,4,5,6} then SNT = {3,4}.

Definition 26 (Set partition) If S is a set then P (S) is a partition on S if and only if the following

conditions are satisfied:
1. P (S) is a set.

2. Usep(s) s=2S.

3. (81,82 cP (S)) A (81 #* 82) = (81 M s = (Z))

For example, if S ={1,2,3,4,5,6,7,8} then all of the following sets are partitions on S:

{11,2,3},{4,5,6} ,{7.8}}  {{2,4,6,8},{1,3,5,7}}  {{1,8,2,7},{3.6,4,5}}



CHAPTER 1. INTRODUCTION TO MIPS AND THE GENUS REPRESENTATION OF OCTAVE EQUIVALENCE13

1.1.3 Some arithmetical operations

In MIPS, much use is made of the three arithmetical operations, int, mod and div. These will now be
defined.

Definition 27 (int) The function int (z) takes any real number x as its argument and returns the largest

integer less than or equal to x. In other words, int (x) is defined as follows:
int(z)=y:(z—-1<y<a)A(y€Z)

where Z is the universal set of integers.

For example, int (3.4) = 3 and int (—3.4) = —4.

Definition 33 (mod) Given that x is a real number and y is a non-zero real number, then the binary

operation mod is defined as follows:

) x
xmody—x—yx1nt<—>
Y

The following table gives some examples of this operation:

4.3 mod 3 = 13
4.3 mod —3 = —1.7
—4.3mod 3 = 1.7
—43mod -3 = -—-1.3
4 mod 3 = 1

4 mod —3 = =2
—4 mod 3 = 2
—4 mod —3 = -1

Definition 48 (div) If x is a real number and y is a non-zero real number then the binary operation div is

defined as follows:
. . x
z div y = int <—>
Y

The following table gives some examples of this operation:

4.3 div 3 = 1
4.3 div -3 = -2
—4.3div 3 = -2
—4.3div -3 =

4 div 3 =

4 div -3 = =2
—4 div 3 = -2
—4 div -3 = 1

Some use is also made of the function abs which is defined as follows:

Definition 60 (abs) If x is a real number then

T if >0
abs(x):{—x if z<0

This function returns the ‘absolute value’ of a real number.
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1.2 Representing pitch systems and pitch in MIPS

This section is devoted to describing how pitch systems and pitch are represented in MIPS.

1.2.1 The concept of a MIPS pitch system

The intuitive concept of an equal-tempered pitch system is modelled in MIPS by a mathematical concept

called a pitch system. A MIPS pitch system is defined as follows:

Definition 61 (Pitch system) An object ¢ is a well-formed pitch system if and only if it is an ordered
quadruple

1/) = [IUJCa Hm, vapC.,O]

such that the following conditions are satisfied:
1. e is a natural number called the chromatic modulus;

2. lm 18 a natural number called the morphetic modulus;

3. pe = pm;
4. fo is a positive real number called the standard frequency;
5. pe,o 15 an integer called the standard chromatic pitch.

The symbols used to represent MIPS concepts will be used consistently throughout this document so the
reader is advised to memorize each symbol as it is introduced.

The chromatic modulus p. of a pitch system indicates the number of equal intervals into which the octave
is divided. For example, for the Western 12-tone equal-tempered system, the chromatic modulus is 12.
The concept of chromatic modulus is essentially identical to the concept of chromatic cardinality defined by
Clough and Douthett ([CD91, 94]). It also corresponds to the value N in Cambouropoulos’ ‘N-tone discrete
equal-tempered pitch space’ ([Cam98, 50|, [Cam96, 234]) and to the value that Agmon customarily labels a
in his formal representation of the diatonic system ([Agm89, 11], [Agm96, 44]). In Balzano’s exploration of
the group-theoretic properties of ‘equal-tempered systems of n-fold octave division’ ([Bal80, 66]), the value
n corresponds to the MIPS chromatic modulus.

The morphetic modulus is equal to the number of notes in scales within the pitch system. More precisely,
it indicates the number of different functional categories that a pitch can have within a key within the pitch
system. For example, for the Western tonal system, the morphetic modulus is 7 corresponding to the seven
different letter-names (A to G) used in the Western pitch notation system.

The Western pitch notation system has evolved to use 7 different letter-names because, according to
traditional tonal theory, each pitch in a piece of tonal music can be understood to have one of seven different
tonal functions (tonic, supertonic, mediant,...) within the key that operates at the location in the music
where the pitch occurs. Pitches with the same tonal function in the same key have the same letter-name. This
relates to the idea that the pitch structure of Western tonal music can be interpreted using the traditional,
7-note, major and minor scales.

The concept of morphetic modulus is essentially identical to the concept of diatonic cardinality defined
by Clough and Douthett ([CD91, 94]). Tt also corresponds to the value M in Cambouropoulos’ ‘M-tone scale’
([Cam98, 50-51], [Cam96, 234-235]). In Agmon’s work, the value that corresponds to morphetic modulus is
customarily denoted b ([Agm89, 11], [Agm96, 44]).
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So, for example, if a musical style was based on anhemitonic pentatonic scales embedded in a 12-note
chromatic, then its pitch system would have a morphetic modulus of 5 and a chromatic modulus of 12; and
for a musical style based on the equipentatonic scale—a system that uses 5-note scales embedded in a 5-note
chromatic—both the chromatic modulus and the morphetic modulus would be 5.

Thus, whereas the chromatic modulus tells us something about the physical structure of the pitch system
(the number of equal frequency intervals into which an octave is divided), the morphetic modulus tells us
something about the cognitive structure of the pitch system (the number of notes in the scales that are used

in the pitch system).

1.2.2 The concept of a MIPS pitch

The concept of a MIPS pitch models the intuitive concept of a pitch within an equal-tempered pitch system

and its associated system of notation. It is defined as follows:

Definition 62 (Pitch) An object p is a well-formed pitch in a pitch system if and only if it is an ordered
pair
P = [Pc; ]

that satisfies the following conditions:
1. pc is an integer called the chromatic pitch;
2. pm 1s an integer called the morphetic pitch.

The chromatic pitch represents the frequency associated with the pitch in the equal-tempered system.®

In fact, given a pitch system,
1/) = [,UJCa Hm, vapC,O]

the frequency of a pitch in ¥ can be calculated from its chromatic pitch using the standard frequency fq
and the standard chromatic pitch pco (see Definition 66 on page 17 below). In the Western, 12-tone, equal-
tempered system, the chromatic pitch associated with a note in a score can be thought of as indicating the
key on a normal piano keyboard that must be pressed in order to play the note. A rise of one semitone results
in an increase of 1 in chromatic pitch and a fall of one semitone results in a decrease of 1 in chromatic pitch.
If one specifies that a chromatic pitch of 0 is associated with the lowest Af on a normal piano keyboard (Al)
then the chromatic pitch of G is —1 and the chromatic pitch associated with middle C' (Cl,) is 39.6 Figure
1.5 shows a variety of notes in the Western 12-tone equal-tempered pitch system, each labelled with its MIPS
pitch. The first element in each MIPS pitch indicates the chromatic pitch associated with the note.

In Western staff notation, the morphetic pitch of a note is determined by
1. the vertical position of the note-head on the staff,
2. the clef in operation on the staff at the location of the note, and

3. the transposition of the staff.

5See section 1.1.1 for a discussion of the relationship and distinction between pitch and frequency.

6 Pitch names will be denoted throughout this document using the A.S.A. pitch naming system. In this system, the pitch
of middle C' is denoted Cl4, the C an octave above middle C is denoted Clhs. Multiple sharps and flats will be denoted with
the appropriate number of s and bs. The double-sharp symbol will not be used. For example, Ct4 has a sounding pitch two
semitones above middle C. Cfff4 has the same sounding pitch within an equal-tempered system as Bffffs and Df4. The octave
number of a pitch-name within the A.S.A system is always the same as that of the closest C below it on the staff. Thus the
sounding pitch of Bfs within a 12-tone equal-tempered system is one semitone higher than that of Cby. See section 1.4.1 for

algorithms for converting between MIPS pitches and A.S.A. pitch names.
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Figure 1.5: Examples of MIPS pitches in the Western staff notation system.

The morphetic pitch of a note is independent of the sounding pitch of the note and independent of its
chromatic pitch. It indicates only the vertical position of the note on the staff. If the morphetic pitch of Afg
is defined to be 0 then the morphetic pitch of Bbby is 1 and the morphetic pitch of Cbbb; is 2 even though
all three have the same sounding pitch in an equal-tempered system and would be performed by pressing the
same key on a piano keyboard. The second element in each MIPS pitch in Figure 1.5 indicates the morphetic
pitch of the note.

In Figure 1.5 (a) notes 1, 2 and 3 have the same chromatic pitch but different morphetic pitches and in
Figure 1.5 (b) notes 1, 2 and 3 have the same morphetic pitch but different chromatic pitches. This illustrates
the fact that morphetic pitch and chromatic pitch are mutually independent.

1.2.3 Calculating the chromatic pitch, morphetic pitch and frequency of a pitch

It is useful to define functions for calculating certain values from a MIPS pitch. The following two definitions

provide functions for finding the chromatic pitch and morphetic pitch of a MIPS pitch:

Definition 63 (Chromatic pitch of a pitch) If p = [pc, pm| is a pitch in a well-formed pitch system then

the following function returns the chromatic pitch of p:

Pe (p) = pe

Definition 64 (Morphetic pitch of a pitch) If p = [pc, pm]| is a pitch in a well-formed pitch system then
the following function returns the morphetic pitch of p:

Pm (p) = Pm
These two definitions can be used to prove the following simple but useful theorem:
Theorem 65 If v is a pitch system and p is a pitch in v then

p = [pc (), Pm (p)]

(The reader is reminded that the proof of each theorem stated in the main body of the document is given in
Chapter 4.)
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The following definition provides a function for returning the frequency of a pitch within a MIPS pitch
system”:

Definition 66 (Frequency of a pitch) If p is a pitch in the pitch system

w = [Mcv Hm, anpC,O]

then the function
f(p) = fo x 9(Pe(P)—pe,0)/ te

returns the frequency of p.

This function assumes that the pitch system being modelled is an equal-tempered pitch system in which each
octave is divided into p. equal intervals. To model a non-equal-tempered pitch system in MIPS, this function
would have to be modified appropriately. In principle, if the frequency of a pitch within a pitch system can
be calculated from its MIPS pitch, then the pitch system can be modelled in MIPS (provided that one defines
an appropriate frequency function in place of that given in Definition 66).

Enough concepts have now been introduced for a number of concrete examples of MIPS pitch systems to

be presented.

1.2.4 Some examples of MIPS pitch systems

A MIPS pitch system,

P = [MCa Hm, anpc,O]
models a pitch system that employs scales containing u,, notes, performed in an equal-tempered tuning
system where the frequency fj is associated with the chromatic pitch p.o and where the octave is divided
into pc equal frequency intervals.

In the 12-tone equal-tempered system commonly used in the West, the frequency of the pitch Afy is
commonly set to 440Hz. If Al is defined to have a MIPS pitch of [0, 0] then the Western tonal equal-tempered
pitch system and its associated staff-notation system which is designed to represent music constructed using
7-note scales, would be represented in MIPS as follows:

Yw = [12, 7,440, 48] (1.1)

Within this pitch system, the pitch of Cly (middle C) is [39,23]. Therefore, using the frequency function
defined above (Definition 66), the frequency of Cly is given by

£ ([39,23]) = 440 x 2(39-48)/12
~ 262Hz

As another example, consider the MIPS pitch system
Yap = [12,5,440, 48] (1.2)

This models a pitch system that employs 5-note scales, embedded in a 12-tone equal-tempered chromatic,
tuned in the same way as that used in ¥w (see Equation 1.1). An example of such a system would be one
that uses anhemitonic pentatonic scales (hence the ‘AP’ suffix on ¥ap).

Just as the Western equal-tempered system divides the octave into 12 equal intervals, each of 100 cents,

so the ‘equipentatonic’ system divides the octave into 5 equal intervals each of 240 cents. An equipentatonic

7See section 1.1.1 for a discussion of the relationship and distinction between pitch and frequency
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system in which the pitch [0, 0] has the same frequency as Al in the Western system modelled by ¢w would
be represented in MIPS as follows:

As afinal example, according to Clough et al. ([CDRR93, 36]) the classical Indian pitch system is supposed

¢ “chromatic” universe of 22 microtonal divisions of the octave (the Srutis)’ in which

to have consisted of a
scales containing seven degrees or ‘svaras’ were constructed. This system was almost definitely not strictly
equal-tempered but by appropriately changing the function defined in Definition 66, one could model this

classical Indian pitch system in MIPS using a pitch system such as
1 = [22,7,440, 88] (1.4)

(Again, in this pitch system, the value of pc ¢ is chosen (arbitrarily) so that the pitch [0,0] has the same
sounding pitch as Ay in the Western tonal system.)

1.2.5 Analogues of pitch, chromatic pitch and morphetic pitch in other pitch
representation systems

The pitch representation system devised by Brinkman ([Bri90, 119-135]) is designed to represent the Western
tonal pitch system and its associated staff notation system. Brinkman does not explicitly generalise his
system to all equal-tempered pitch systems. The MIPS pitch system that corresponds to the one modelled
by Brinkman is

YBrinkman = [12, 7,440, 57] (1.5)

where the pitch-name Cl is assigned a MIPS pitch of [0,0]. The chromatic pitch of a pitch in ¥prinkman
corresponds to Brinkman’s continuous pitch code (abbreviated cpc) ([Bri90, 122]) and a morphetic pitch in
WBrinkman corresponds to Brinkman’s continuous name code (c¢nc) ([Bri90, 126]). Brinkman’s continuous
binomial representation (cbr) ([Bri90, 133]) is essentially identical to a MIPS pitch in ¥Brinkman-

Unlike Brinkman, Agmon explicitly generalises his pitch representation system to any equal-tempered
system. In Agmon’s system, the function of a MIPS pitch is served by the integer pair that he consistently
labels (x,y), the value z corresponding to chromatic pitch and the value y corresponding to morphetic pitch
([Agm96, 44], [Agm89, 11)).

MIDI note numbers ([Rot92, 25, 143, 214], [MMA96, 10]) are similar to chromatic pitches in MIPS.
However, whereas a chromatic pitch can take any integer value whatsoever, a MIDI note number must be
an integer greater than or equal to 0 and less than 128. The frequency of the pitch associated with a MIDI
note number depends on the note mapping and tuning of the instrument producing the tone ([Rot92, 143)).
However, it is common for a MIDI note number of 60 to correspond to Cly, and in this particular case, the
MIDI note numbers are identical to a subset of the values that can be taken by a chromatic pitch in the pitch

system
Ymipr = [12,7,440, 69] (1.6)

There is no analogue of morphetic pitch in the MIDI system and therefore nothing that corresponds to the
MIPS concept of a pitch.

1.2.6 Chromatic pitch equivalence, chroma and chroma equivalence

Figure 1.6 shows a number of notes which the reader should interpret as being in the normal Western 12-tone
equal-tempered system (i.e. 1»ww—see Equation 1.1 above). The pitches of notes 1, 2 and 3 in Figure 1.6 are

enharmonically equivalent. The pitches of notes 4, 5 and 6 in Figure 1.6 are also enharmonically equivalent.
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Figure 1.6: Examples of chromatic pitch equivalence and chroma equivalence in ¥y .

The MIPS pitch of each note in Y is given underneath the staff. Notes 1, 2 and 3 all have a chromatic pitch
of 48 and notes 4, 5 and 6 all have a chromatic pitch of 60. In MIPS, two pitches have the same chromatic
pitch if and only if they are enharmonically equivalent. The concept of enharmonic equivalence is therefore

modelled in MIPS by the concept of chromatic pitch equivalence which is defined as follows:

Definition 125 (Chromatic pitch equivalence of pitches) Two pitches p1 and p2 in a well-formed pitch

system are chromatic pitch equivalent if and only if

Pe (p1) = pe (p2)

The fact that two pitches are chromatic pitch equivalent will be denoted

P1 =p. P2

All six pitches in Figure 1.6 are also ‘sounding octave equivalent’ in the sense that the frequency of the
sounding pitch of notes 1, 2 and 3 would be 1/2 of the frequency of the sounding pitch of notes 4, 5 and 6 in
an equal-tempered system. In MIPS, two notes are ‘sounding octave equivalent’ in this sense if and only if
they have the same chroma. The chroma of a MIPS pitch is defined as follows:

Definition 71 (Chroma of a pitch) If p is a pitch in a pitch system

¥ = [e, fim, fo, Pe,0]

then the following function returns the chroma of p:

¢(p) = pe (p) mod pc

The concept of ‘sounding octave equivalence’ exhibited by the six notes in Figure 1.6 can be modelled in

MIPS by the concept of chroma equivalence which is defined as follows:

Definition 130 (Chroma equivalence of pitches) Two pitches p1 and ps in a well-formed pitch system

are chroma equivalent if and only if
¢(p1) =c(p2)

The fact that two pitches are chroma equivalent will be denoted

P1 =c P2

The MIPS concept of a chroma is essentially identical to the concept of pitch class used by Babbitt ([Bab60]),
Forte ([For73]), Rahn ([Rah80]), Morris ([Mor87]) and many other theorists concerned with the structure of

atonal and 12-tone music. The term chroma has been used by researchers in the field of music cognition
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Figure 1.7: Examples of morphetic pitch equivalence and morph equivalence in vy .

and perception for at least half a century to signify that quality of the pitch of a tone that makes it similar
to the pitches of tones separated from it by one or more octaves. This perceptual similarity between the
pitches of tones separated by one or more octaves has led cognitive psychologists to model musical pitch
using a bidimensional model in which one dimension represents ‘pitch level’ or tone height and the other
dimension—tone chroma—represents the position of a tone within its octave ([Deu82a, 272], [She82, 352],
[WB82, 432-433]). Bachem used the term in this sense in 1950 ([Bac50]) and many other authors have
used it since including Shepard ([She64], [She65], [She82]), Burns and Ward ([BW82, 246, 262-264], [WBS&2,
432-433]), Deutsch ([Deu82a, 272]), Dowling ([Dow91, 35]), and Cross, West and Howell ((CWH91, 212,
223-224]).

Brinkman’s concept of pitch class (or pe) ([Bri90, 119-122]) is essentially identical to chroma in the MIPS
pitch system ¥Brinkman defined in Equation 1.5 above. Cambouropoulos also uses the term pitch class in this
sense ([Cam98, 50|, [Cam96, 234]) but unlike Brinkman, Cambouropoulos explicitly generalises the concept
to any equal-tempered pitch system of ‘N-tone’ division that uses ‘M-tone’ scales. The MIPS concept of
chroma is also essentially identical to the variable that Agmon consistently labels s in his definition of ‘octave
equivalence’ ([Agm89, 11], [Agm96, 44]).

1.2.7 Morphetic pitch equivalence, morph and morph equivalence

The A.S.A. pitch names of notes 1, 2 and 3 in Figure 1.7 are, respectively Aby, Afl4 and Abbby.® All three
notes have the same letter-name (A) and the same A.S.A. octave number (4) and this is represented in MIPS
by the fact that they all have the same morphetic pitch (in this case, 28). This form of equivalence is therefore
modelled in MIPS by the concept of morphetic pitch equivalence which is formally defined as follows:

Definition 126 (Morphetic pitch equivalence of pitches) Two pitches p1 and ps in a well-formed pitch

system are morphetic pitch equivalent if and only if

Pm (P1) = Pm (P2)

The fact that two pitches are morphetic pitch equivalent will be denoted

P1 =pm P2

Notes 4, 5 and 6 in Figure 1.7 are also morphetic pitch equivalent but notes 1 and 4 are not because their
A.S.A. octave numbers are different. Nonetheless, all six notes in Figure 1.7 have the same letter-name (A)
and this is represented in MIPS by the fact that they all have the same morph.® The morph of a MIPS pitch
is defined as follows:

8See footnote 6 for an explanation of the logic behind A.S.A. pitch names.
9The name morph derives from the Greek word for ‘shape’ on an analogy with the derivation of the word chroma from the

Greek word for ‘colour’. If one property of a pitch is called its ‘colour’ then another one might as well be called its ‘shape’!
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Definition 76 (Morph of a pitch) If p is a pitch in the pitch system

¥ = [He, fim;, fo, Pe,0]

then the following function returns the morph of p:

m (p) = pm (p) mod fim

The ‘letter-name equivalence’ exhibited by the six notes in Figure 1.7 is modelled in MIPS by the concept of

morph equivalence which is formally defined as follows:

Definition 131 (Morph equivalence of pitches) Two pitches p1 and py in a well-formed pitch system
are morph equivalent if and only if

m (p1) = m (pz2)

The fact that two pitches are morph equivalent will be denoted

P1 =m P2

Brinkman’s concept of ‘name class’ (nc¢) ([Bri90, 124-126]) is essentially identical to morph within the MIPS
pitch system ¢prinkman (see Equation 1.5). However Brinkman does not explicitly generalise his concept of
‘name class’ to other pitch systems. Cambouropoulos also uses the term ‘name class’ to refer to the concept
in his GPIR that corresponds to morph in MIPS. In Agmon’s definition of ‘octave equivalence’ ([Agm89, 11],
[Agm96, 44]) the function that morph serves within MIPS is carried out by the variable that he consistently
labels ¢.

In [Clo79], Clough elaborates a ‘theory of diatonic pc sets’ that corresponds to the morph set theory for
a MIPS pitch system in which pm = 7 and the letter-name C' in the Western diatonic system is represented
by the morph 0. In [Clo80], Clough continues to use the term ‘pitch class’ for the concept that is called
morph in MIPS but specifies that although ‘the term pitch class (PC) will be employed in the usual sense’,
‘a universe of seven PC’s is posited’ ([Clo80, 468]). In [CD91], Clough and Douthett avoid using a concept
that corresponds to morph in MIPS by considering ‘subset[s] of d pcs selected from the chromatic universe

of ¢ pcs’ which they label in the following way
Dcq={Do,D1,Ds,...,Dgq_1}

In this system, each Dy, is a pitch class in the 12-tone chromatic (that is, Dy, is a chroma) and the subscript

k actually fulfills the function of morph since it indicates which chroma corresponds to which morph.

1.2.8 Chromatic octave and morphetic octave

If the notes in Figure 1.8 are interpreted as being in the equal-tempered pitch system ¢y, then the frequency
(and chromatic pitch) of note 1 (Bf4) is higher than that of note 2 (Cbs). However, the A.S.A. octave number
and morphetic pitch of note 1 is lower than that of note 2. This suggests the utility of distinguishing between
two types of octave designation—one for sounding pitch (chromatic pitch) and one for morphetic pitch.

In MIPS, the chromatic octave of a pitch is defined as follows:

Definition 68 (Chromatic octave of a pitch) If p is a pitch in the pitch system

1/) = [IUJCa Hm, vapC.,O]

then the following function returns the chromatic octave of p:

oc (p) = pe (p) div puc
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Figure 1.8: Examples of morphetic octave equivalence and chromatic octave equivalence in vy .

The morphetic octave of a pitch is defined as follows:

Definition 69 (Morphetic octave of a pitch) If p is a pitch in the pitch system

U) = [IUJCa Hm, vapC.,O]

then the following function returns the morphetic octave of p:

om (p) = Pm (p) div fim

In Figure 1.8, notes 3 and 4 have the same chromatic octave but different morphetic octaves; and notes 5
and 6 have the same morphetic octave but different chromatic octaves. This suggests the utility of defining
two more equivalence relations: morphetic octave equivalence and chromatic octave equivalence. These are
defined as follows:

Definition 128 (Chromatic octave equivalence of pitches) Two pitches p1 and pa in a well-formed

pitch system are chromatic octave equivalent if and only if

oc (p1) = oc (p2)

The fact that two pitches are chromatic octave equivalent will be denoted

D1 =o. P2

Definition 129 (Morphetic octave equivalence of pitches) Two pitches p1 and ps in a well-formed

pitch system are morphetic octave equivalent if and only if

Om (p1) = Om (p2)

The fact that two pitches are morphetic octave equivalent will be denoted

P1 =om P2

We can now say, therefore, that in Figure 1.8, notes 3 and 4 are chromatic octave equivalent but not
morphetic octave equivalent; and that notes 5 and 6 are morphetic octave equivalent but not chromatic
octave equivalent.

If one takes the MIPS pitch system 9pyinkman defined in Equation 1.5 and sets the pitch-name Clg to
correspond to the MIPS pitch [0, 0] then, for any pitch p in this pitch system, the morphetic octave is equal to

the A.S.A. octave number. In other words, the octave number in the A.S.A. pitch naming system corresponds
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to morphetic octave in the MIPS pitch system 9grinkman With the pitch name Chg set to correspond to the
MIPS pitch [0,0]. As already mentioned above (see section 1.2.5), Brinkman’s concept of ‘continuous pitch
code’ corresponds to chromatic pitch within g inkman and it can be shown that for any pitch p in any MIPS
pitch system

Y = [fic, tm; fo, Pe,o]
it is true that

Pe (p) = (0c (p) X pic) + ¢ (p) (1.7)

(See Theorem 75 in Chapter 4.) However, Brinkman states that his continuous pitch code, ‘cpc’, can be
calculated using the following formula

epe = (oct x 12) + pe (1.8)

where oct is the A.S.A. octave number and pc is his ‘pitch class’ which corresponds exactly to chroma in
YBrinkman- But, as mentioned above, A.S.A octave number corresponds exactly to morphetic octave in the
pitch system ¢pyinkman When Clp is set to correspond to the MIPS pitch [0,0]. Therefore, in MIPS terms,
Brinkman’s definition of ‘cpc’ can be stated as follows:

Pc (p) = (om (p) X pe) + ¢ (p) (1.9)
where pe = 12 and the pitch [0, 0] corresponds to Cljp. But Equation 1.9 and Equation 1.7 together imply
that

om (p) = oc (p)
which was shown above not to be true in general (see, for example, note 3 in Figure 1.8). This, in turn,
implies that at least one of Equation 1.9 and Equation 1.7 is incorrect. Since 1.7 can be shown to be true,
this implies that 1.9 is incorrect.

An example will serve to demonstrate that Equation 1.9 is incorrect. Let p; = [48,27], the MIPS pitch
representation of Bfs in ¥grinkman with Clo corresponding to [0,0]. From Definition 71 it follows that

C (pl) = Pc (pl) mod ¢
=48 mod 12 (1.10)
=0
and from Definition 69 it follows that
Om (P1) = Pm (p1) div pim

=27div 7 (1.11)
=3
Substituting into Equation 1.9 the values of oy (p1) and ¢ (p1) found in Equations 1.10 and 1.11 gives
Pc (p) = (Om (p) X MC) +c (p)
=(3x12)+0 (1.12)
=36
which we know to be incorrect because p; was defined to be equal to [48,27]. In fact, Equation 1.12 implies

that Bfis has the same frequency as Clz which is clearly incorrect. This arises because oc (p1) # om (p1)-
Equations 1.10 and 1.11 are known to be correct therefore Equation 1.9 is incorrect.



CHAPTER 1. INTRODUCTION TO MIPS AND THE GENUS REPRESENTATION OF OCTAVE EQUIVALENCE?24

It is interesting to note that in his definition of ‘continuous binomial representation’ (‘cbr’) ([Bri90, 133—
134]) (which corresponds to pitch in the MIPS pitch system ¥prinkman), Brinkman correctly specifies that

[epe, enc] = [(poct x 12) 4 pe, (noct x T) 4+ nc]

where poct corresponds to chromatic octave in ¥Brinkman and noct corresponds to morphetic octave in the
same pitch system with Chg represented by [0,0]. However, Brinkman claims that one only needs to use
‘separate octave designators’ if one needs ‘to represent notes with any number of accidentals’ and goes on
to claim that ‘in practice this is not really necessary, so long as we are willing to accept the limitation of
quintuple accidentals and quintuple augmentation and diminution for intervals’. As shown in the previous
paragraph, this is not true: one needs to distinguish between chromatic and morphetic octave whenever ‘the
notated pitch (enc) is in a different octave from the sounding pitch (cpc)’ ([Bri90, 134]) and this occurs even
for pitches such as Cbs or Bfs which have just a single sharp or flat.

It is therefore disappointing that Brinkman downplays the importance of distinguishing between chromatic
and morphetic octave and, as a consequence, incorrectly concludes that ‘we can use a single octave number,
that in which the pitch is notated, and calculate the correct pitch level with minimal computation’ ([Bri90,
134)).

Like Brinkman, Cambouropoulos decides to use only morphetic octave in his GPIR. However this, in
itself, does not cause a problem because he explicitly represents the accidental of the pitch name. In Cam-
bouropoulos’ GPIR, a pitch is represented as an ordered quadruple, [ne, mdf, pe, oct], where ne and pc are
name class and pitch class as in Brinkman’s system, oct is essentially the same as morphetic octave and
mdf is a numerical representation of the accidental with —1 corresponding to b, 0 corresponding to f, 1
corresponding to f and so on. Cambouropoulos specifies that mdf takes values from {—u,...,—1,0,1,... ,u}
where ‘u is the number of pitch interval units in the largest scale-step interval’ ([Cam98, 50]). This implies
that Cambouropoulos’ system cannot be used to represent notes with more than two sharps or flats. The

reason for this restriction is unclear.

1.2.9 The concept of a MIPS pitch interval

In MIPS, the traditional concept of a pitch interval is modelled by the MIPS concept of a pitch interval.
However, before defining the concept of a MIPS pitch interval, it is necessary to define the ideas of morphetic

pitch interval and chromatic pitch interval:

Definition 236 (Chromatic pitch interval) If pc1 and pc2 are two chromatic pitches in a well-formed
pitch system 1), then the chromatic pitch interval from pc 1 to pec 2 is defined and denoted as follows:

Ape (Pc,17pc,2) = Pc,2 = Pe,1

Definition 240 (Morphetic pitch interval) If pm 1 and pm 2 are two morphetic pitches in a well-formed
pitch system 1, then the morphetic pitch interval from pm 1 to pm 2 @s defined and denoted as follows:

A Pm (pm,lupm,Z) = Pm,2 — Pm,1

It is now possible to present definitions for the chromatic pitch interval between two pitches and the morphetic

pitch interval between two pitches:

Definition 259 (Definition of Ap. (p1,p2)) If p1 and pa are two pitches in a pitch system 1 then the

chromatic pitch interval from p; to ps is defined and denoted as follows:

Ape (p1,p2) = Ape (Pe (p1) 5 Pe (p2))
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Definition 261 (Definition of Apm (p1,p2)) If p1 and p2 are two pitches in a pitch system 1 then the
morphetic pitch interval from p; to ps is defined and denoted as follows:

Apm (p1,p2) = Apm (Pm (1), Pm (p2))
The concept of a MIPS pitch interval can then be defined as follows:

Definition 265 (Pitch interval) If p1 and ps are two pitches in a pitch system 1) then the pitch interval
from py to po is defined and denoted as follows:

AD (p1,p2) = [Ape (p1,02) , APm (P1, p2)]

It is useful to define two functions, one for calculating the chromatic pitch interval of a pitch interval and

one for calculating the morphetic pitch interval of a pitch interval:

Definition 266 (Chromatic pitch interval of a pitch interval) If p; and ps are any two pitches in a
pitch system 1 then

Ap = AP (p1,p2) = Apc (Ap) = Ape (p1,p2)

Definition 268 (Morphetic pitch interval of a pitch interval) If p1 and ps are any two pitches in a
pitch system 1 then
Ap = AP (p1,p2) = Apm (Ap) = Apwm (p1,p2)

These two definitions can be used to prove the following theorems which provide formulae for calculating the

chromatic pitch interval of a pitch interval and the morphetic pitch interval of a pitch interval:
Theorem 269 (Formula for Apy, (Ap)) If Ap = [Ape, Apm] in a pitch system ¢ then
Apm (Ap) = Apm
Theorem 267 (Formula for Ap. (Ap)) If Ap = [Apc, Apm| in a pitch system ¢ then
Ape (Ap) = Ape
It is now possible to define a function for transposing a chromatic pitch by a chromatic pitch interval:

Definition 426 (Definition of 7, (pc, Apc)) If ¢ is a pitch system and pc1 and pea are chromatic pitches

in Y and Ape 18 a chromatic pitch interval in 1 then

Ape = Ape (Pe,1sPe,2) = Tp (Pe,1, APe) = Pe,2

This definition can be used in conjunction with other MIPS definitions and theorems to prove the following
theorem which provides us with a formula for calculating the chromatic pitch that results when one transposes

a chromatic pitch by a chromatic pitch interval:

Theorem 427 (Formula for 7, (pc, Apc)) If ¢ is a pitch system and pc is a chromatic pitch in ¢ and Ap.

is a chromatic pitch interval in i then

Tpe (Pes Ape) = pe + Ape

The definition of the morphetic pitch transposition function is strictly analogous to that of the chromatic

pitch transposition function:
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Definition 431 (Definition of 7, (pm,Apm)) If ¢ is a pitch system and pm,1 and pm 2 are morphetic
pitches in ¢ and Apm is a morphetic pitch interval in 1 then

Apm = Apm (pm,lapm,2) = Tpm (pm,lu Apm) = Pm,2

This definition can be used in conjunction with other MIPS definitions and theorems to prove the following
theorem which provides us with a formula for calculating the morphetic pitch that results when a morphetic

pitch is transposed by a morphetic pitch interval:

Theorem 432 (Formula for 7, (pm, Apm)) If ¢ is a pitch system and pm is a morphetic pitch in ¢ and
Apm is a morphetic pitch interval in 1 then

Tom (Pmy APm) = Pm + Apm
It is now possible to define the pitch transposition function:

Definition 441 (Definition of 7 (p, Ap)) If ¢ is a pitch system and p1 and p2 are pitches in ¢ and Ap is
a pitch interval in i then

Ap = AP (p1,p2) = 7o (p1,Ap) = p2

This definition can be used in conjunction with certain other MIPS definitions and theorems to prove the
following theorem which provides us with a formula for calculating the pitch that results when a MIPS pitch
is transposed by a MIPS pitch interval:

Theorem 442 (Formula for 7, (p, Ap)) If 1 is a pitch system and p is a pitch in ¢ and Ap is a pitch

interval in Y then
o (P, Ap) = [Tp. (Pc (P) , APe (AP)) s Ty, (Pm (P) ; AP (Ap))]

The concept of the inverse of a pitch interval will now be be defined:

Definition 561 (Inverse of a pitch interval) If ¢ is a pitch system and Ap is a pitch interval in 1 and
p is a pitch in v then the inverse of Ap, denoted tp (Ap), is the pitch interval that satisfies the following
equation

o (7o (P, Ap) s 1o (Ap)) =p

This definition together with other definitions and theorems from MIPS can be used to prove the following

theorem which provides a formula for calculating the inverse of a pitch interval:

Theorem 563 If
1/) = [IUJCa Hm, vapC.,O]

is a pitch system and Ap is a pitch interval in 1 then

tp (Ap) = [-Apc (Ap), —Apm (Ap)]

1.3 The genus representation of octave equivalence

This section is devoted to introducing, defining and discussing the genus representation of octave equivalence.
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L

Fitch name ~ Clf, ch ; chﬁ
Frequency 262 Hz 523Hz 1047 Hz
Chroma 3 3 3
hiarph 2 2 2
Chromamarph  [3.2] [.2] [3.2]

Figure 1.9: The traditional concept of ‘octave equivalence’ in ¥y .

1.3.1 Chromamorph and genus

In traditional Western tonal theory, two notes are considered to be ‘octave equivalent’ if and only if they are
an integer number of perfect octaves apart. Thus, in Figure 1.9, notes 1, 2 and 3 are ‘octave equivalent’ in
this traditional sense. It is clear from Figure 1.9 that if two notes are separated by an integer number of
perfect octaves then they will have the same chroma and the same morph. So as a first attempt at modelling
the traditional concept of ‘octave equivalence,’ let us define the concept of a chromamorph and its associated

equivalence relation, chromamorph equivalence:

Definition 80 (Chromamorph of a pitch) If p is a pitch in a well-formed pitch system, then the following

function returns the chromamorph of p:

d(p) = [c(p), m(p)]

Definition 132 (Chromamorph equivalence of pitches) Two pitches p1 and ps in a well-formed pitch

system are chromamorph equivalent if and only if

d(p1) = 4(p2)

The fact that two pitches are chromamorph equivalent will be denoted

P1 =q P2

Notes 1, 2 and 3 in Figure 1.9 all have the same chromamorph and are therefore chromamorph equivalent.
A number of authors have attempted to model the traditional concept of ‘octave equivalence’ using a
concept essentially identical to chromamorph equivalence of pitches.!® However, chromamorph equivalence
does not correctly model the traditional concept of ‘octave equivalence’ within the 12-tone equal-tempered
tonal pitch system and pitch notation system.
Notes 1 and 2 in Figure 1.10 have the same chromamorph—4, 6] in ¢w. They are therefore chromamorph

equivalent. However, the interval between them is certainly not an integer number of perfect octaves—it is,

10See, for example, Brinkman’s ‘binomial representation’ ([Bri90, 128]) and Agmon’s definition of ‘octave equivalence’ ([Agm89,
11], [Agm96, 44]).
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)]

Chroma 4 4
hiarph G il
Pitch [52,27] [52,34]
Chromamorph  [4,6] [4,5]
Qld genus [5 5] [i,-6]
Genus [16 6] [4,6]

Figure 1.10: The difference between genus and chromamorph.

in fact, a ‘12xdiminished octave’. The two notes are therefore not ‘octave equivalent’ in the traditional tonal
sense.

As defined above (Definition 71) the chroma of a pitch p = [pc, pm] is given by the following equation:

¢ (p) = pc mod puc

and the morph of p = [pc, pm] (see Definition 76) is given by the following equation:
m (p) = pm mod fim

Informally speaking, the chroma of a pitch is found by taking the chromatic pitch and subtracting the
chromatic modulus a certain number of times until one has a remainder ¢ that is between 0 and p. — 1. The
number of times we have to subtract the chromatic modulus from the chromatic pitch to get the chroma is

equal to the chromatic octave (see Definition 68):

oc (p) = pe (p) div puc

Similarly, the morph of a pitch is found by taking the morphetic pitch and subtracting the morphetic modulus
a certain number of times until one has a remainder m that is between 0 and py, — 1. The number of times we
have to subtract the morphetic modulus from the morphetic pitch to get the morph is equal to the morphetic
octave (see Definition 69):
Oom (p) = Pm () div pim

But, of course, on, (p) and o (p) for a given pitch are not necessarily the same because p¢ (p) and pm (p) are
mutually independent and can each take any integer value.

For example, to find the chroma of note 1 in Figure 1.10 we find the least positive remainder when we
divide the chromatic pitch (52) by the chromatic modulus. To do this in this case we effectively subtract the
chromatic modulus from the chromatic pitch four times:

52— (4x12) =4
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To find the morph we find the least positive remainder when we divide the morphetic pitch by the morphetic
modulus which, in this case involves subtracting the morphetic modulus three times from the morphetic pitch:

27— (3x7)=6

To find the chroma of note 2 in Figure 1.10 we have to subtract the chromatic modulus four times from the
chromatic pitch
52— (4x12) =4

and to find the morph we subtract the morphetic modulus four times from the morphetic pitch
34— (4x7)=6

For note 2, the chromatic octave is the same as the morphetic octave but for note 1, the chromatic octave

is not equal to the morphetic octave. Let us define the concept of octave difference as follows:

Definition 81 (Octave difference of a pitch) If p is a pitch in a well-formed pitch system, then the

following function returns the octave difference of p:

do (p) = 0c (p) — om (p)

This implies that the octave difference of note 1 is

but the octave difference of note 2 is

For two notes to be ‘octave equivalent’ in the traditional tonal sense they must have not only the same morph
and the same chroma but also the same octave difference.

This example suggests that we can achieve a correct representation of tonal octave equivalence simply by
using a representation in which we replace the chroma in a chromamorph with a value that is the result of
subtracting the chromatic modulus from the chromatic pitch the same number of times that we subtract the
morphetic modulus from the morphetic pitch to get the morph. In MIPS, this replacement for the chroma
in a chromamorph is called the chromatic genus of a pitch and it is defined as follows:

Definition 82 (Chromatic genus of a pitch) If p is a pitch in a well-formed pitch system

1/) = [,UJCa Hm, vapC,O]

then the following function returns the chromatic genus of p:

gc (P) = Pe (P) — fe X Om (p)

This gives us a new representation of octave equivalence which in this document will be called genus. A genus
is an ordered pair similar to a chromamorph, except that the first element is the chromatic genus of the pitch
and the second element is the morph of the pitch. The genus of a pitch is defined as follows:

Definition 84 (Genus of a pitch) If p is a pitch in a well-formed pitch system then the following function

returns the genus of p:
g(p) = [ge (p),m (p)]

The corresponding concept of genus equivalence is defined as follows:
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Definition 135 (Genus equivalence of pitches) Two pitches p1 and ps in a well-formed pitch system are

genus equivalent if and only if
g(p1) =8(p2)

The fact that two pitches are genus equivalent will be denoted

P1 =g P2

It can be shown (see Definition 87 in Chapter 4) that two pitches will have the same genus if and only if they
have the same chroma, the same morph and the same octave difference.

Note that the genus of a pitch can be calculated directly from the chromatic pitch and morphetic pitch
of the pitch. This implies that in order to find the genus of a pitch within a pitch system, one does not
need first to know which sets within that pitch system correspond to the diatonic sets in the Western tonal
system. Genus equivalence therefore correctly models the logic of the Western tonal pitch system and can be
generalised to any other pitch system without first specifying which sets in that pitch system correspond to

the diatonic sets of the Western tonal system.

1.3.2 Deriving MIPS objects from a genus

Given a MIPS pitch, it is possible to calculate its chromatic pitch (Definition 63), its morphetic pitch (Def-
inition 64), its chroma (Definition 71) and so on. In a similar way, it is possible to calculate the chroma,
morph, chromamorph and chromatic genus of a genus.

The function for returning the chromatic genus of a genus is defined as follows:

Definition 114 (Chromatic genus of a genus) If g is the genus of a pitch p in a pitch system 1p then the

function gc (g) must return the chromatic genus of p. In other words, by definition, it must be true that

(9 =8(p)) = (8¢ (9) = g (p))

This definition can be used to prove the following theorem which provides a formula for calculating the

chromatic genus of a genus:

Theorem 115 (Chromatic genus of a genus) If g = [gc, m] is the genus of a pitch in the pitch system )
then

g (9) = ge

The function for returning the morph of a genus is defined as follows:

Definition 116 (Morph of a genus) If g is the genus of a pitch p in a pitch system v then the function

m (g) must return the morph of p. In other words, by definition, it must be true that

This definition can be used to prove the following theorem which provides a formula for calculating the morph

of a genus:

Theorem 117 (Morph of a genus) If g = [gc, m] is the genus of a pitch in the pitch system 1 then
m(g) =m

Theorems 115 and 117 can be used to prove the following simple but useful theorem:
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Theorem 118 If g is a genus in a pitch system 1 then
9= g (9),m(9)]
The function for returning the chroma of a genus is defined as follows:

Definition 119 (Chroma of a genus) If g is the genus of a pitch p in a pitch system ¢ then the function

c(g) must return the chroma of p. In other words, by definition, it must be true that

This definition can be used to prove the following theorem which provides a formula for calculating the
chroma of a genus:

Theorem 120 (Chroma of a genus) If g is the genus of a pitch in the pitch system

1/) = [,UJCa Hm, vapC,O]

then
c(9) = gc (9) mod puc

Finally, the function that returns the chromamorph of a genus is defined as follows:

Definition 121 (Chromamorph of a genus) If g is the genus of a pitch p in a pitch system 1 then the

function 4 (g) must return the chromamorph of p. In other words, by definition, it must be true that

This definition can be used to prove the following theorem which provides a formula for calculating the
chromamorph of a genus:

Theorem 122 (Chromamorph of a genus) If g is the genus of a pitch in the pitch system ) then

1.3.3 The concept of a genus interval
Before defining the concept of a genus interval, it is necessary to define that of a morph interval:
Definition 217 (Morph interval) If m; and mso are two morphs in a well-formed pitch system
Y = [He, fim, fo, Pe,o]
then the morph interval from m; to me is given by the following equation:
Am (my,ma) = (mg —mq) mod pim

This definition specifies how to calculate the morph interval from one morph to another. The following

definition specifies how to calculate the morph interval from one genus to another.

Definition 228 (Morph interval between two genera) If g1 and go are two genera in a pitch system

then the morph interval from g1 to g2 is defined and denoted as follows:

Am (g1, 92) = Am(m(g1),m(g2))
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The following definition provides a formula for calculating the chromatic genus interval between two genera:

Definition 230 (Chromatic genus interval between two genera) If g1 and g2 are two genera in a pitch

system
1/) = [,UJCa Hm, vapC,O]

then the chromatic genus interval from g1 to go is defined and denoted as follows:

Age(g1,92) = gc (92) — gc (91) — pre X ((m(g2) —m (g1)) div pm)

The following definition uses Definitions 230 and 228 to provide an expression for the genus interval between

two genera:

Definition 231 (Genus interval between two genera) If g1 and g2 are two genera in a pitch system

then the genus interval from g1 to g2 is defined and denoted as follows:

Ag(g1,92) = [Age(91,92) , Am (g1, g2)]

1.3.4 Transposing a genus

Having defined the concepts of genus and genus interval, it is now possible to define a function for transposing

a genus by a genus interval:

Definition 421 (Genus transposition function) If ¢ is a pitch system and g1 and g2 are genera in

and Ag is a genus interval in ¢ then the genus transposition function is defined as follows:

Ag(g1,92) = Ag = 75 (91,A9) = g2

This definition in combination with a number of other MIPS theorems and definitions can be used to prove
a theorem which provides a formula for calculating the genus that results from transposing any given genus
by any given genus interval. However, before stating this theorem, it is necessary to introduce three more
concepts, namely, the morph interval of a genus interval, the chromatic genus interval of a 